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Introduction

These lecture notes are based on a course taught in the winter term 2025 and summer
term 2026. The goal is to introduce geometric and analytic methods in group theory
and to show how algebraic questions can be translated into problems about graphs, cell
complexes, and large-scale geometry, and how these viewpoints connect to more analytic
tools. Throughout, the emphasis is on concrete examples and on techniques that lead to
effective proofs and algorithms.

The first part develops the geometric dictionary: free groups via reduced words and
Schreier graphs; subgroup methods via core graphs and Stallings folding; and the passage
from generators and relations to van Kampen diagrams, Dehn functions and small cancel-
lation. We then introduce Cayley graphs and metric geometry (growth, quasi-isometries,
coarse invariants) and use this framework to discuss amenability, growth restrictions and
related structural results (including themes around growth gaps).

The second part develops analytic viewpoints: unitary representations and convolution
operators; random walks, entropy and the Poisson boundary; operator-algebraic tools such
as the reduced group C∗-algebra; and a brief introduction to approximation paradigms
for groups (sofic and hyperlinear).

The text is written for readers with a first exposure to group theory; familiarity with
basic graph theory and elementary topology is helpful but not required beyond what is
developed here.

These notes were prepared from lectures and are based on notes taken by Karl Vincent
Kosse. Any errors or inaccuracies are the author’s responsibility.
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Geometric methods
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Chapter 1

Free groups

Free groups are the basic building blocks of combinatorial group theory. They admit a
simple combinatorial model, have a universal property, and enjoy strong algebraic proper-
ties such as residual finiteness. In this chapter we develop the theory of free groups from
scratch and illustrate it with concrete examples.

1.1 Free groups

In this section, we start out by constructing the free group on a set S from reduced words
in the alphabet S∪S−1 and use this model to prove the universal property and the normal
form.

1.1.1 Definitions

Definition 1.1.1. Let S be a set and let S−1 := {s−1 | s ∈ S} be a disjoint copy, so
S ∩ S−1 = ∅ and set (x−1)−1 = x. The alphabet is defined to be S ∪ S−1. A word in the
alphabet is defined to be a finite sequence x1 . . . xm with xi ∈ S ∪ S−1. We allow m = 0,
which corresponds to the empty word ε. The length of the word is defined to be |w| = m.
For words x1 . . . xm and y1 . . . yn, their concatenation is defined to be

x1 . . . xmy1 . . . yn.

If S = {x, y}, then examples of words in the alphabet include x, x−1, xyxy, xxx, xxx−1.
In order to define a group, we would like xxx−1 to be equivalent to x.

Definition 1.1.2. A word w = x1x2 . . . xm is called reduced if there is no 1 ≤ i < m such
that xi+1 = x−1

i .

The words xyx−1 and xxy are reduced, while xx−1y is not reduced. In the best possible
world, there would be a suitable equivalence relation on words such that each equivalence
class of words would contain a unique reduced representative. We will see that this is
indeed the case.

Definition 1.1.3. A word w is an elementary contraction of w′, written w′ ↓ w, if
w′ = y1xx

−1y2 and w = y1y2 for words y1, y2 and a letter x. We also write w ↑ w′ and
call w′ an elementary expansion of w. Two words w,w′ are called equivalent if and only
if there exists a finite sequence w1, . . . , wn of words with w1 = w, wn = w′ and for all
1 ≤ i ≤ n− 1 we have either wi ↓ wi+1 or wi ↑ wi+1.

3



1.1. Free groups 4

It is obvious that this defines an equivalence relations on the set of words.

Definition 1.1.4. We define FS to be the set of words in the alphabet S ∪ S−1 modulo
equivalence. We denote the equivalence class of a word w by [w].

Theorem 1.1.5. Concatenation induces a product FS × FS → FS that turns FS into a
group.

Proof. If w ↓ w′ or w ↑ w′, then for any word y we have yw ↓ yw′ or yw ↑ yw′ and similarly
for concatenation on the right. Thus concatenation respects the equivalence relation and
we can set [w1] · [w2] := [w1w2], where associativity of concatenation implies associativity
of the product. The class [ε] acts as the identity element.

For a word w = x1 . . . xm, we set w−1 := x−1
m . . . x−1

1 . Then ww−1 contracts to ε, so
[w−1] is the inverse of [w]. This shows that FS is a group.

Proposition 1.1.6. Each equivalence class contains a unique reduced word.

In order to prove this, we need the following lemma.

Lemma 1.1.7. Let w1, w2, w3 be words s.t. w1 ↑ w2 ↓ w3. Then, either there exists w′2
such that w1 ↓ w′2 ↑ w3 or w1 = w3.

Proof. Let w1 = y1y2 and write w2 = y1xx
−1y2 since w1 ↑ w2. There are several cases to

consider.
Case 1: The contraction w2 ↓ w3 happens inside y1 or y2, for example y1 = a1yy

−1a2.
So

w1 = a1yy
−1a2y2 ↑ a1yy

−1a2xx
−1y2 ↓ a1a2xx

−1y2.

But then w1 ↓ a1a2y2 ↑ a1a2xx
−1y2. Similary, when the contraction happens in y2.

Case 2: There is complete overlap of expansion and contraction, but then w1 = w3.
Case 3: There is overlap of one letter in expansion and contraction, i.e. for y2 = xy′2

we have
w1 = y1y2 ↑ y1xx

−1y2 = y1xx
−1xy′2 ↓ y1xy

′
2 = y1y2 = w1

and similarly for y1 = y′1x
−1. This yields w1 = w3 again.

Proof of Proposition 1.1.6. Suppose for contradiction that there are two distinct reduced
words u and v in the same equivalence class. Indeed, suppose there is a sequence u =
w0, w1, . . . , wn = v where each step is an expansion or a contraction. If a peak wi−1 ↑
wi ↓ wi+1 occurs, Lemma 1.1.7 replaces this length-two segment by either wi−1 = wi+1

and is shortening the sequence or by wi−1 ↓ w′i ↑ wi+1, which moves the contraction to
the left of the expansion and reduces the number of expansions done before contractions.
Repeating this finitely many times yields a sequence with no peaks, so all contractions
occur first and all expansions occur last. Since u is reduced it admits no contraction, we
conclude u = v.

Remark 1.1.8. To check whether two words are equivalent, reduce each one by successive
elementary contractions until no further contraction is possible. By the Proposition 1.1.6
this yields a unique reduced word, so two words are equivalent exactly when their reduced
forms coincide. In particular, ι : S ∪ S−1 → FS is injective because each generator maps
to a distinct reduced word of length one. Throughout of rest of these notes, we will
identify S with its image in FS via ι and [w] with the unique reduced representative of
the equivalence class.
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Definition 1.1.9. For w ∈ FS, let |w| denote the length of the reduced representative of
w.

The most useful property of free groups is their universal property.

Theorem 1.1.10. Let S be a set, G a group, ϕ : S → G a map. Then, there exists a
unique homomorphism ϕ that extends ϕ. In other words, the following diagram commutes:

S FS

G

ι

ϕ

Proof. Let w = xε11 x
ε2
2 . . . xεnn with xi ∈ S and εi ∈ {±1}. Define

ϕ ([w]) := ϕ(x1)ε1 · · ·ϕ(xn)εn ,

with the product taken in G. Elementary contractions and expansions do not change
this product, so ϕ is well-defined. By construction it is a homomorphism and satisfies
ϕ ◦ ι = ϕ. Uniqueness follows because S is obviously a generating set of FS.

Let F be a free group. We say that a subset S ⊂ F is a free basis of F if the map
ι : S → F satisfies the universal property of Theorem 1.1.10. In this case, we have
F ∼= FS. The cardinality of a free basis is called the rank of the free group. We will see
later that the rank is well-defined.

1.1.2 Free products

Free products provide the coproduct in the category of groups. They will reappear later
when we discuss amalgams and HNN extensions in Chapter 2.

Definition 1.1.11. Let G,H be groups. The free product of G and H is a group Q
together with homomorphisms α : G → Q, β : H → Q such that for every pair of
homomorphisms ϕ : G→ Z, ψ : H → Z there exists a unique σ : Q→ Z with ϕ = σ ◦ α
and ψ = σ ◦ β. In other words, the following commutes:

H

G Q

Z

β
ψ

α

ϕ

∃!σ

We use the notation G ∗H, ιG : G→ G ∗H, ιH : H → G ∗H.

This is just the coproduct in the category of groups.

Lemma 1.1.12. The free group functor sends coproducts of sets to free products of groups:
FStS′ ∼= FS ∗ FS′.

Proof. For any group Z,

Hom (FStS′ , Z) ∼= Fun (S t S ′, Z) ∼= Fun(S,Z)× Fun(S ′, Z).

By adjunction this identifies with Hom(FS, Z) × Hom(FS′ , Z), which is the universal
property of the free product.
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1.1.3 Concrete examples of free groups

The universal property makes it easy to define homomorphisms from free groups into
matrix groups. The issue in constructing concrete free groups is injectivity. The so-called
ping-pong lemma gives a clean criterion. We record it and then apply it to a concrete
family of matrices.

Theorem 1.1.13. Let X be a set and let g, h ∈ Sym(X). Suppose there are nonempty
disjoint subsets U, V ⊂ X such that for every n ∈ Z \ {0} one has

gn(V ) ⊂ U, hn(U) ⊂ V.

Then the natural homomorphism ϕ : F2 → Sym(X) with ϕ(x) = g and ϕ(y) = h is
injective.

Proof. Let w be a reduced word in the alphabet {x±, y±}. If the first and the last letter
of w is x±1, then successive applications of the hypotheses show that ϕ(w)(V ) ⊂ U and
hence ϕ(w) 6= 1. If w does not satisfy the assumption, then xkwx−k for k large enough
does. Again, ϕ(w) 6= 1 follows. Hence no non-trivial reduced word represents the identity,
and ϕ is injective.

Now, we consider a natural family of matrices. For t ∈ R define

At =

(
1 t
0 1

)
, Bt =

(
1 0
t 1

)
,

and let ϕt : F2 → SL2(R) be the homomorphism with ϕt(x) = At and ϕt(y) = Bt.

Theorem 1.1.14 (Klein). If |t| ≥ 2, then ϕt is injective.

Proof. Let X = R2 and set

U = {(a, b) ∈ R2 : |a| > |b|}, V = {(a, b) ∈ R2 : |a| < |b|}.

For n 6= 0 we have

Ant (a, b) = (a+ nt b, b), Bn
t (a, b) = (a, b+ nt a).

If (a, b) ∈ V , then |a + nt b| ≥ (|t||n| − 1)|b| ≥ |b|, so Ant (V ) ⊂ U . If (a, b) ∈ U , then
|b + nt a| ≥ (|t||n| − 1)|a| ≥ |a|, so Bn

t (U) ⊂ V . Hence, Theorem 1.1.13 applies and we
conclude that ϕt is injective.

The previous theorem has the following immediate corollary.

Corollary 1.1.15. The matrices A2, B2 lie in SL2(Z) and generate a free subgroup. Hence
F2 embeds in SL2(Z).

The situation for t ∈ (−2, 2) is far from trivial and subject of ongoing studies, see for
example [29]. There are many positive results towards the following conjecture, but we
will not record them here.

Conjecture 1.1.16 (Kim–Koberda [29]). For t ∈ Q∩(−2, 2), the map ϕt is not injective.

However, the following proposition shows that injectivity is a generic property.
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Proposition 1.1.17. The set E := {t ∈ C | ϕt is not injective} is a set of algebraic
numbers.

Proof. Let F2 = 〈a, b〉 be the free group, and for each t let ϕt : F2 → SL2(C) be the
homomorphism defined by ϕt(a) = At and ϕt(b) = Bt. Then ϕt is injective if and only if
ker(ϕt) = {1}.

Fix a non-trivial reduced word w ∈ F2 \ {1}. Since

A±1
t =

(
1 ±t
0 1

)
, B±1

t =

(
1 0
±t 1

)
,

the matrix entries of ϕt(w) are polynomials in t with integer coefficients. Write ϕt(w) =
(pij(t))i,j ∈ GL2(Z[t]).

We claim that for fixed w 6= 1, at least one polynomial among p11(t)−1, p12(t), p21(t),
p22(t) − 1 is non-zero. Indeed, if all four were the zero polynomial, then ϕt(w) = 12 for
every t, in particular for t = 2, contradicting Theorem 1.1.14. Hence the set

Zw := {t ∈ C : ϕt(w) = 12}

is finite and consists of algebraic numbers, since it is contained in the zero set of a non-zero
polynomial with integer coefficients in one variable. This finishes the proof.

1.2 Residual finiteness of free groups

Residual finiteness is an important algebraic property of groups. Intuitively, it means
that the group can be approximated by finite groups. In this section we define residual
finiteness and show that free groups are residually finite. As an application, we prove that
finitely generated residually finite groups are Hopfian.

1.2.1 Definitions

Definition 1.2.1. A group G is called residually finite if for all non-trivial g ∈ G there
exists a finite group H and a homomorphism ϕ : G→ H such that ϕ(g) 6= 1H .

Example 1.2.2. Finite groups are residually finite. The infinite cyclic group Z ∼= F{x} is
residually finite via the quotients ψn : Z → Z/nZ. The free group F2 is residually finite
as we will prove shortly by extending the previous argument to the group SL2(Z). It is
obvious that residual finiteness is inherited by subgroups, so any subgroup of a residually
finite group is residually finite. In particular, free groups of rank 2 is residually finite,
begin a subgroup of SL2(Z) by Corollary 1.1.15.

Lemma 1.2.3. SL2(Z) is residually finite.

Proof. The natural ring homomorphism ψn : Z→ Z/nZ induces a group homomorphism
ψ′n : SL2(Z) → SL2(Z/nZ) to a finite group. Obviously, this yields finite quotients
separating elements of SL2(Z).

We could argue that arbitrary free groups are residually finite by combining the pre-
vious two results. However, we will give a more combinatorial proof that will be useful
later on.
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1.2.2 Residual finiteness of free groups

Theorem 1.2.4. Free groups are residually finite.

Proof. We give a combinatorial proof. Let S be a set and consider the free group FS. The
idea is to realize a reduced word as a non-trivial permutation by building an S-labelled
graph on which the word acts nontrivially.

We explain the idea using a simple example. Let w ∈ F2 be a reduced word, for
instance w = x2

1x2x
−1
1 x2. The aim is to find a natural number n and a homomorphism

ϕ : F2 → Sym(n) such that ϕ(w) 6= 1n, i.e. there exists x ∈ {1, . . . , n} such that
ϕ(w)(x) 6= x. In order to do so, we need to find σ = ϕ(x1) and τ = ϕ(x2) such that
ϕ(w)(x) 6= x. We have

ϕ(w)(x) = σ2τσ−1τ(x).

The permutations σ and τ can be visualized as follows:

• • • • • •x1 x1
x2

x−1
1 x2

The algorithm to construct such a diagram is as follows. Start with a vertex and follow
the letters of w one by one, drawing edges labelled by the corresponding generator and
add a new vertex each time. Starting the right-most vertex x and following all letters of
w, you end up at the left-most vertex. Finally, complete the diagram by adding edges
such that each vertex has exactly one incoming and one outgoing edge for each generator
– this can be done canonically by adding edges to form cycles as shown in the diagram.

The resulting diagram determines σ and τ such that w(x) 6= x and taking n = |w|+ 1
is enough by construction. It is clear that this procedure can be applied to any reduced
word in FS for any S, so free groups are residually finite.

The resulting diagram is what we will call S-labelled Schreier graph, see Section 1.3,
and it will be instrumental in the study of free groups far beyond this application.

1.2.3 Hopfian groups

As an application of residual finiteness, we show that finitely generated residually finite
groups are Hopfian. This applies in particular to free groups of finite rank.

Definition 1.2.5. A group G is called Hopfian if every surjective endomorphism π : G→
G is injective.

Theorem 1.2.6. Every finitely generated residually finite group is Hopfian.

Proof. Let G be finitely generated and residually finite, and let π : G→ G be surjective.
For n ∈ N let NSn be the set of normal subgroups of index n. A finitely generated group
has only finitely many subgroups of a given finite index, hence Σn is finite. Since π is
surjective, the assignment N 7→ π−1(N) defines a map from Σn to itself. And obviously
π−1(N1) = π−1(N2) implies N1 = N2, so this map is injective and therefore bijective.
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Let Hn :=
⋂
N∈Σn

N . Then Hn has finite index and, by the bijectivity that we just
established, π−1(Hn) = Hn for all n. Residual finiteness of G gives

⋂
n≥1Hn = {1} and

hence
ker(π) =

⋂
n≥1

π−1(Hn) =
⋂
n≥1

Hn = {1},

so π is injective.

Corollary 1.2.7. Let S = {s1, . . . , sn} ⊂ Fn be a generating set of Fn. Then S is a free
basis of Fn.

Proof. Free groups are residually finite, so Theorem 1.2.6 implies that Fn is Hopfian. Let
ϕ : Fn → Fn be the endomorphism with ϕ(xi) = si. Since S generates Fn, the map ϕ is
surjective, hence injective. Therefore ϕ is an automorphism and S = ϕ({x1, . . . , xn}) is a
free basis.

1.3 Schreier graphs

Schreier graphs are a combinatorial tool to study subgroups of free groups. They provide
a graphical representation of the coset space of a subgroup, encoding the action of the free
group on this space. This section introduces Schreier graphs and establishes the Schreier
correspondence, which relates subgroups of free groups to pointed connected Schreier
graphs.

1.3.1 Definitions

Definition 1.3.1. Let S be a set. A S-labelled Schreier graph (or S-Schreier graph) is
a directed S-labelled graph (V,E), i.e. it consists of a set of vertices V , a set of edges E

together with maps E
d,t−→ V × V , e 7→ (d(e), t(e)) and E

`−→ S sending e to its label, such
that for all x ∈ V and σ ∈ S there exists a unique edge e ∈ E with d(e) = x, `(e) = σ
and a unique edge e ∈ E with t(e) = x, `(e) = σ. We call d(e) the domain and t(e) the
target of the edge e.

A pointed S-Schreier graph is a S-Schreier graph together with a distinguished vertex
x ∈ V . A S-Schreier graph is called connected if any two vertices can be joined by an
undirected path.

The study of disconnected Schreier graphs reduces to the connected case by consid-
ering connected components. For finite S-Schreier graphs directed connectivity is in fact
equivalent to undirected connectivity.

Example 1.3.2. Let S = {•, •}.

• •

There is an obvious notion of isomorphism between Schreier graphs, which respects
the labelling and the distinguished vertex in the pointed case.
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1.3.2 Schreier correspondence

Let’s recall some basic notions about group actions.

Definition 1.3.3. Let G be a group, X a set. An action of G on X is a map m : G×X →
X such that for all g, h ∈ G, m(g,m(h, x)) = m(gh, x) and m(g,−) is a bijection for all
g ∈ G. Equivalently, m− : G→ Sym(X) is a homomorphism. We write Gy X and say
that G acts on X.

Definition 1.3.4. We say that G y X is transitive if and only if for all x, y ∈ X there
exists g ∈ G with gx = y. If x ∈ X is a chosen point, then we call (Gy X, x) a pointed
G-action without requiring any special property of x ∈ X with respect to the action.
Two pointed actions (Gy X, x) and (Gy Y, y) are called isomorphic if and only if there
exists a bijection ϕ : X → Y such that ϕ(gz) = gϕ(z) r all g ∈ G, z ∈ X and ϕ(x) = y
fo.

Now, we establish a correspondence between subgroups of free groups and pointed
connected Schreier graphs. This correspondence is fundamental in combinatorial group
theory and will be used extensively in later sections.

Definition 1.3.5. Let G be a group. Then Sub(G) = {H ≤ G} denotes the set of
subgroups.

Theorem 1.3.6. Let S be a set. There are natural bijections between Sub(FS), the set
of isomorphism classes of pointed connected S-labelled Schreier graphs, and the set of
isomorphism classes of pointed transitive FS-actions.

Example 1.3.7. The most basic example is given by S = {•}. Then FS = F1 = Z and
Sub (Z) = {H ≤ Z} = {nZ | n ∈ N} = N. The transitive pointed Z-actions are given by
Z y Z/nZ with distinguished point 0 + nZ. The corresponding Schreier graphs are

• • • · · · •

with n vertices.

Proof of Theorem 1.3.6. We explain how the action and Schreier graph viewpoints encode
the same subgroup data. Given H ≤ FS, there is a pointed transitive FS-action FS y
FS/H with distinguished point H. To reverse this, recall that the stabilizer of some x ∈ X
is defined as Stab(x) := {g ∈ G | gx = x}. Then, given a pointed transitive FS-action
(Gy X, x), assign to it Stab(x).

Now, we compute the compositions. For H ≤ FS, StabFSyFS/H(H) = {g ∈ FS | gH =
H} = H so these two constructions are inverse to each other.

Now, suppose FS y X is an action. Define an S-Schreier graph by setting V = X,
E = S × X and d, t : E → X, ` : E → S by d(σ, x) = x, t(σ, x) = σx and `(σ, x) = σ
for all x ∈ X and σ ∈ S. Conversely, given a pointed S-Schreier graph (G, x0), define an
FS-action on V by

σε11 . . . σεnn x := t
(
σεnn , t

(
σ
εn−1

n−1 , . . . t (σε11 , x) . . .
))

for all reduced words σε11 . . . σεnn ∈ FS, x ∈ V . It is straightforward to check that these
two constructions are inverse to each other. It is easy to check that isomorphic actions
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yield isomorphic Schreier graphs and vice versa, so the bijections descend to isomorphism
classes. Moroever, an S-Schreier graph is connected if and only if the corresponding action
is transitive.

Example 1.3.8. Let S = {•, •}. For F2 ≤ F2, we obtain the trivial action F2 y {∗}
and the corresponding Schreier graph is:

•

For H := 〈a2, ab, b2〉 ≤ F2, observe that H is the kernel of ϕ : F2 → Z/2Z, ϕ(a) = ϕ(b) =
1, so that F2/H = {H, aH} and the corresponding Schreier graph looks as follows:

• •

1.4 Applications

1.4.1 Definitions

Let S be a set and let (G, x0) be a pointed S-Schreier graph. A based loop is an undirected
path that starts and ends at x0. We say that a loop is backtracking if its label contains
a subword ss−1 or s−1s for some s ∈ S. Two based loops are homotopic if one can be
obtained from the other by inserting or deleting backtracking segments; this corresponds
to expansion and contraction of words according to Definition 1.1.3. The homotopy
classes form a group under concatenation; each class has a unique representative with no
backtracking. This fact can be seen by observing that any backtracking can be removed
without affecting the homotopy class, and that concatenation of reduced loops followed
by reduction yields a unique reduced representative, see also Proposition 1.1.6. We call
this group the fundamental group π1(G, x0). Note by definition reading labels this Group
embeds naturally in FS.

Remark 1.4.1. In algebraic topology language this is just the covering space theory for
a bouquet of circles. Schreier graphs are coverings of the wedge of |S| circles, whose
fundamental group naturally the free group on S. This interplay between the group
theoretic and geometric notions is the so-called Galois correspondence for covering spaces.

Lemma 1.4.2. Let S be a set. The fundamental group of a pointed S-Schreier graph is
the subgroup corresponding to that graph in Theorem 1.3.6.

Proof. Let (G, x0) be a pointed connected S-Schreier graph and let H ≤ FS be the
corresponding subgroup. We need to show that π1(G, x0) = H as subgroups of FS. By
construction of the action from the Schreier graph, an element g ∈ FS lies in H if and only
if gx0 = x0. By construction of the action from the Schreier graph, this is equivalent to
the existence of a based loop at x0 with label g. Finally, by definition of the fundamental
group, this is equivalent to g ∈ π1(G, x0). Hence π1(G, x0) = H.
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For instance, with S = {•, •} and

•

• •

we obtain the subgroup H = 〈a2, ab, ba, b2〉 ≤ F2. This illustrates how the fundamental
group construction recovers the subgroup associated to a Schreier graph.

1.4.2 Nielsen–Schreier Theorem

Lemma 1.4.3. Every connected graph contains a spanning tree.

Proof. This can be proved by induction on the number of edges. If there are no cycles, the
graph is already a tree. Otherwise, remove an edge from a cycle; this does not disconnect
the graph. Repeat until no cycles remain. For infinite graphs, use Zorn’s lemma to find
a maximal acyclic subgraph, which will be a spanning tree.

Theorem 1.4.4 (Nielsen–Schreier). Every subgroup of a free group is free.

Proof. Let T be a spanning tree of a connected S-Schreier graph G. Every reduced loop
is uniquely determined by the sequence of oriented edges it uses outside T . Hence π1(G)
is free on the set of edges not in the spanning tree.

In a more careful analysis, one can even quantify their rank in terms of index. First
of all, let us define rk(G) = min{|S| | S ⊂ G, 〈S〉 = G}. This is called the rank of G.

Lemma 1.4.5. Let S be a finite set. We have that rk(FS) = |S|.

Proof. The inequality rk(FS) ≤ |S| is clear by definition. For the other direction, the free
group functor is adjoint to the forgetful functor, so there is in particular a bijection

HS := Fun(S,H) ∼= Hom(FS, H).

Thus for finite H,
|H||S| = |HS| = |Hom(FS, H)| ≤ |H|rk(FS).

Therefore |S| ≤ rk(FS). This proves the claim.

Given a Schreier graph corresponding to a subgroup H 6 FS. By construction, the
number of vertices of the associated S-Schreier graph is equal to the index [FS : H].
Hence, a spanning tree has [FS : H] vertices and [FS : H] − 1 edges. Since the total
number of edges is |S|[FS : H], the number of edges not in the spanning tree is |S|[FS :
H]− ([FS : H]− 1) = (|S| − 1) [FS : H] + 1. Therefore , we have the following result on
the rank of subgroups of finite index in free groups.

Theorem 1.4.6. Let S be a set and H 6 FS be of finite index. Then

rk(H)− 1 = [FS : H](rk(FS)− 1).
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Corollary 1.4.7. Let G be a finitely generated group and H 6 G of finite index. Then,
H is finitely generated and

rk(H)− 1 ≤ [G : H](rk(G)− 1).

Proof. Let S be a generating set of G with |S| = rk(G). Then, there is a surjection
ϕ : FS → G. Let H ′ = ϕ−1(H). Then, H ′ 6 FS is of finite index [FS : H ′] = [G : H]. By
Theorem 1.4.6, H ′ is finitely generated and

rk(H ′)− 1 = [FS : H ′](rk(FS)− 1) = [G : H](rk(G)− 1).

Since ϕ restricts to a surjection H ′ → H, we have rk(H) ≤ rk(H ′), which proves the
claim.

The study of Schreier graphs goes far beyond the Nielsen–Schreier theorem and the
rank formula. However, the study of subgroups of infinite index is more subtle and requires
additional tools, which we introduce next.

1.4.3 Stallings’ pruning and folding

See [50] for the original reference. Let (G, x) be a pointed S-Schreier graph. The vertex
core of (G, x) is defined to be

{v ∈ V | ∃ a non-backtracking based loop containing v}.

That is, the vertex core of G consists of those vertices that actually contribute to the
fundamental group π(G, x) in a non-trivial manner. We set

core(G, x) := induced subgraph on the vertex-core of G.

Note that core(G, x) is again a pointed S-labelled graph with the same basepoint as
G, however, it is usually not a Schreier graph anymore, as some vertices may have less
than one incoming or outgoing edge for some label s ∈ S. Geometrically, core(G, x) is
obtained from G by pruning all leaves and induced subtrees that are not part of any
non-backtracking based loop.

Definition 1.4.8. A partial pointed S-labelled Schreier Graph is a directed pointed S-
labelled graph with at most one outgoing and one ingoing edge labelled s ∈ S.

It is straighforward to extend the notion of fundamental group to partial Schreier
graphs. Note that pruning leaves or induced subtrees does not change the fundamental
group, so π1(core(G, x)) = π1(G, x).

There is a second important operation on S-labelled graphs, called folding. Let (G, x)
be a pointed connected S-labelled graph. We now construct a partial S-Schreier graph
from (G, x) by identifying redundant edges. The resulting folding functor is central for
algorithmic subgroup problems. This construction (G, x) 7→ fold(G, x) is most easily
characterized by its functoriality properties. Indeed, it is left adjoint to the forgetful
functor from partial S-Schreier graphs to S-labelled graphs. Indeed, for every pointed S-
labelled graph (G, x) and every partial pointed S-Schreier graph (G′, x′), every morphism
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g : (G, x) → (G′, x′) factors uniquely through a morphism ḡ : fold(G, x) → (G′, x′) as
follows:

(G, x) fold(G, x)

(G′, x′)

g
∃!ḡ

map
(
(G, x), for(G′, x′)

) ∼= map
(
fold(G, x), (G′, x′)

)
. .

Here, we write for for the forgetful functor from partial S-Schreier graphs to S-labelled
graphs. A concrete construction in order to produce fold(G, x) out of (G, x) can be
described as repeatedly folding conflicts, i.e. identifying edges with the same label and
the same initial or terminal vertex. For example, given the following S-labelled graph
with S = {•, •}:

• •

• •
7→

• • •
7→

• •

It is not entirely clear that this inductive process yields a well-defined result. However,
one can show that any such sequence of foldings results in a partial S-Schreier graph that
satisfies the universal property of the free forgetful adjunction; hence it is unique up to
isomorphism.

1.4.4 Subgroup membership problem

An immediate application of Stallings folding is to solve the subgroup membership prob-
lem in free groups. Let w1, . . . , wn ∈ FS and w ∈ FS. Can we algorithmically decide
whether w ∈ 〈w1, . . . , wn〉? The subgroup membership problem is generally undecidable
for arbitrary finitely presented groups, but for free groups we can provide an algorithmic
solution using Stallings folding. We answer this algorithmically by encoding the gener-
ators as loops and folding to a finite core graph. Let S(wi) be the Schreier graph that
forms a cycle spanned by the letters in the reduced word of wi.

If (G1, x1) and (G2, x2) are pointed S-labelled graphs, write

(G1 ∨G2, x) :=
(
(G1, x1)

∐
(G2, x2)

)
/∼,

where ∼ identifies the points x1 and x2. The resulting graph is again a pointed S-labelled
graph with distinguished vertex x the image of x1, x2. However, it is usually not a S-
Schreier graph anymore, as some vertices may have more than one outgoing or ingoing
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edge for some label s ∈ S. We now apply Stallings folding to obtain a finite partial
pointed S-Schreier graph:

S(w1, . . . , wn) := fold

(
n∨
i=1

S (wi)

)
.

Theorem 1.4.9. Let w1, . . . , wn, w ∈ FS. Then,

π1 (S(w1, . . . , wn), x) = 〈w1, . . . , wn〉 ≤ FS..

We have that w ∈ 〈w1, . . . , wn〉 if and only if w ∈ π1(S(w1, . . . , wn), x), i.e. if and only if
there exists a based loop at x with label w in S(w1, . . . , wn).

Proof. By construction of the folding functor as left adjoint to the forgetful functor, there
is a natural map

n∨
i=1

S(wi)→ S(w1, . . . , wn).

By the inductive constructionf of folding, any based loop in S(w1, . . . , wn) lifts to a based
loop in

∨n
i=1 S(wi). Hence, any element of π1(S(w1, . . . , wn)) can be represented by a

word in the wi. The converse inclusion is clear by construction, so we obtain the first
claim.

The second claim follows directly from the first: w lies in 〈w1, . . . , wn〉 if and only if
it lies in π1(S(w1, . . . , wn)), which is equivalent to the existence of a based loop at x with
label w in S(w1, . . . , wn).

1.4.5 Theorems of Hall and Houghton

In order to show the strength of the Schreier graph techniques, we present three important
results about subgroups of free groups.

Definition 1.4.10. Let G be a group and H 6 G be a subgroup. We say that H is a free
factor of G if there exists H ′ 6 G such that H ∗H ′ = G, i.e. more precisely, the natural
map H ∗H ′ → G is an isomorphism.

In the abelian setting, we have the following phenomenon: Consider the group Z2

and the subgroup N = {(2n, 0) | n ∈ Z} ≤ Z2 Does there exist N ′ 6 Z2 such that
Z2 = N ⊕ N ′? The answer is obviously negative. However, there is N ′ 6 Z2 with
N ⊕N ′ 6 Z2 of finite index. Hall’s theorem is a non-abelian analogue of this fact for free
groups.

Theorem 1.4.11 (M. Hall Jr.). Let S be a set and H 6 FS a finitely generated subgroup.
Then, H is a free factor in a finite index subgroup K 6 FS.

Proof. We start by considering the S-Schreier graph corresponding to H. Since H is
finitely generated, the core (G, x) of this graph is finite. Since the number of missing
outgoing edges with label s is equal to the number of missing incoming edges with label s,
we can complete G to a finite S-Schreier graph G′ by connecting missing outgoing arrows
to missing incoming arrows. Let E be the set of new edges. Then, π1(G′) = π1(G) ∗ FE.
Since π1(G) = H, we have that H is a free factor of the finite index subgroup π1(G′) 6
FS.
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The second result is about intersections of finitely generated subgroups of free groups.

Theorem 1.4.12 (Houghton). Let S be a set, H1, H2 6 FS finitely generated. Then
H1 ∩H2 is also finitely generated and

rk(H1 ∩H2)− 1 ≤ 2 · (rk(H1)− 1)(rk(H2)− 1).

It was long conjectured by Hanna Neumann that the factor 2 is not necessary. And
finally, this was proven independently by Joel Friedman [15] and Igor Mineyev [38] around
2010.

Example 1.4.13. Let G1, G2 be 2-generated groups and fix surjections αi : F2 → Gi.
Set H1 = ker(α1), H2 = ker(α2). Now, rkHi − 1 = [F2 : Hi](rk(F2) − 1) = |Gi|. Then
H1∩H2 = ker (α1 × α2 : F2 → G1 ×G2) and we obtain rk(H1∩H2)−1 = | Im(α1×α2)| ≤
|G1||G2| = (rk(H1)− 1) (rk(H2)− 1) .

The proof of Houghton’s theorem uses the product of Schreier graphs. Let G,G′ be
pointed and connected partial S-Schreier graphs. We define G × G′ to be a partial S-
Schreier graph on the vertex V (G) × V (G′) with an edge (x, x′)

a−→ (y, y′) if and only if
x

a−→ y and x′
a−→ y′.

Example 1.4.14. The upper left graph is G1, the upper right graph is G2. Their product
G1 ×G2 is the lower graph.

• • •

•

• •

• •

Lemma 1.4.15. Let G,G′ be connected pointed partial S-Schreier graphs. Then

π1(G×G′) = π1(G) ∩ π1(G′).

Proof. The inclusion ⊆ is clear, since any loop in G × G′ gets projected to a loop in
each of the factors. The other inclusion ⊇ follows from the fact that if an element lies
in both fundamental groups, there exist loops in each graph with the same labelling. By
construction of the product graph, these loops lift to a loop in the product graph with
the same labelling. Hence, any element in the intersection of the fundamental groups lifts
to a loop in the product graph, proving the claim.

Let G1, G2 be connected pointed partial S-Schreier graphs and assume that G1 =
core(G1) and G2 = core(G2). Define P := core(G1 ×G2) ⊂ G1 ×G2.

Now for some connected pointed partial S-Schreier graph G with G = core(G) and
z ∈ V (G), we define degS(z) to be the number of edges incident to z. Also, we set
ξ(z) := degS(z)− 2 ≥ 0.
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Lemma 1.4.16. 2(rk(π1(G))− 1) =
∑

z∈V ξ(z).

Proof. The proof is a direct computation using the definition of the rank of the funda-
mental group and the handshaking lemma:∑

z∈V

ξ(z) =
∑
z∈V

degS(z)− 2

= 2|E(G)| − 2|V (G)|
= 2 (|E(G)| − |V (G)|)
= 2(rk(π1(G))− 1).

Proof of Theorem 1.4.12. Let x ∈ V (G1), y ∈ V (G2). Set t(x, y) := |Sx ∩ Ty|, where

Sx := {s ∈ S±1 | s labels an oriented outgoing edge at x},
Ty := {s ∈ S±1 | s labels an oriented outgoing edge at y}.

Now, we have degS(x, y) ≤ t(x, y) ≤ min{degS(x), degS(y)} and the following chain of
inequalities:

t(x, y)− 2 ≤ min{ξG1(x), ξG2(y)} ≤ ξG1(x)ξG2(y).

Using the rank formula via vertex degrees, we obtain:

2(rk(π1(P ))− 1) ≤
∑
x,y

max{t(x, y)− 2, 0}

≤
∑
x,y

ξG1(x)ξG2(y)

=

(∑
x

ξG1(x)

)(∑
y

ξG2(y)

)
= 2 (rk (π1(G1))− 1) · 2 (rk (π1(G2))− 1) .

Hence, we obtain

rk(π1(P ))− 1 ≤ 2 · (rk(π1(G1))− 1)(rk(π1(G2))− 1).

Using the subgroup intersection via product Schreier graph lemma, we conclude that

rk(π1(G1) ∩ π1(G2))− 1 ≤ 2 · (rk(π1(G1))− 1)(rk(π1(G2))− 1).

This completes the proof.



Chapter 2

Groups with generators and relations

We introduce presentations and the word problem, then develop diagram methods (van
Kampen diagrams, curvature, and small cancellation). These tools are applied to Dehn’s
algorithm and to constructions such as HNN extensions and amalgamated free products,
which we use in the examples.

2.1 Generators and relations

2.1.1 Groups defined by generators and relations

We encode a group by generators and relations, and interpret relations through the normal
closure in the free group. Let S be a set and FS be the free group on the set S. Now,
given R ⊂ FS, a set of relations, define:

〈S | R〉 := FS/〈〈R〉〉 with 〈〈R〉〉 =
⋂

HEFS
R⊂H

H.

We call 〈〈R〉〉 the normal closure of R or the normal subgroup generated by R.

Lemma 2.1.1. Let S be a set and R ⊂ FS. Then,

〈〈R〉〉 =

{
k∏
i=1

gir
εi
i g
−1
i | k ∈ N, g1, . . . , gk ∈ FS, r1, . . . , rk ∈ R, ε1, . . . , εk ∈ {±1}

}
.

Proof. Let N be the set on the right-hand side. Every normal subgroup H C FS that
contains R also contains all conjugates gr±1g−1 and hence every finite product of such
conjugates, so N ⊆ H for all such H. Therefore N ⊆

⋂
HCFS , R⊆H H = 〈〈R〉〉.

Conversely, N is a normal subgroup: it contains R, is closed under products and
inverses by construction, and is closed under conjugation because g

(∏
i hir

εi
i h
−1
i

)
g−1 is

again a product of conjugates of elements of R. Hence 〈〈R〉〉 ⊆ N .

Note that there exists a homomorphism π : FS → 〈S | R〉. Clearly, π(r) = 1 ∈ 〈S | R〉
for all r ∈ 〈R〉.

Example 2.1.2. Consider S = {x, y} and R = {xyx−1y−1}. We claim that the group

G := 〈x, y | xyx−1y−1〉

18
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is isomorphic to Z2. Then π(xyx−1y−1) = 1 and hence π(x)π(y) = π(y)π(x). In particular,
every element of G can be written as π(x)aπ(y)b for some a, b ∈ Z. Moreover the obvious
surjection σ : F2 → Z2 given by x 7→ (1, 0), y 7→ (0, 1) factors through π. This implies
that the induced map σ : G→ Z2 is an isomorphism.

A group defined by generators and relations comes with a universal property similar
to Theorem 1.1.10.

Lemma 2.1.3. Let S be a set, R ⊂ FS and G a group. A map ϕ : S → G extends
to a homomorphism ϕ : 〈S | R〉 → G if and only if the extension ϕ′ : FS → G satisfies
ϕ′(r) = 1G for all r ∈ R.

Proof. The homomorphismϕ′ is unique and ϕ′ factors through the quotient 〈S | R〉 if and
only if ϕ′|〈〈R〉〉 is trivial and if and only if ϕ′(r) = 1 ∈ G for all r ∈ R.

Definition 2.1.4. A group is called finitely presented if and only if there exists a finite
set S and a finite R ⊂ FS such that G ∼= 〈S | R〉.

Despite the apparent simplicity of the definition of a group by generators and relations,
such groups can be extremely complicated. We now turn to the algorithmic aspects of
such groups.

2.1.2 Word problem

Given S finite and R ⊂ FS, the word problem asks whether a word w ∈ FS represents the
identity in the quotient 〈S|R〉. This simple formulation already hides deep algorithmic
phenomena. It was shown by Novikov and Boone in the 1950s that there exist finitely
presented groups with undecidable word problem; see [33] for the construction. We first
give a criterion for decidability of the word problem in terms of the Dehn function.

Definition 2.1.5. Assume S and R are finite. For w ∈ 〈〈R〉〉 define

Area(w) := min{k ∈ N | w =
k∏
i=1

gir
εi
i g
−1
i }.

For n ∈ N set BS(n) := {w ∈ FS | |w|S ≤ n}. Set

δ(n) := max{Area(w) | w ∈ BS(n) ∩ 〈〈R〉〉}.

This is the Dehn function of the presentation.

Theorem 2.1.6. For a finitely presented group, the word problem is decidable if and only
if the Dehn function δ is computable.

Idea of proof: If δ is computable, then given w compute δ(|w|) and enumerate all products
of at most δ(|w|) conjugates of relators. Comparing in the free group decides whether
w ∈ 〈〈R〉〉. This part of the proof is incomplete as yet as we have a priori no control on
the length of the conjugating elements gi in the products

∏k
i=1 gir

εi
i g
−1
i . In order to make

this argument work, one needs to use van Kampen diagrams to show that there exists a
bound on the lengths of the conjugating elements depending only on |w| and δ(|w|). We
will complete the argument after introducing van Kampen diagrams in the next section.

Conversely, if the word problem is decidable, then for each w one can search for the
least k such that w =

∏k
i=1 gir

εi
i g
−1
i by enumerating such products and checking equality

in the free group. Since there are finitely many words of length ≤ n, this allows one to
compute δ(n).
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Example 2.1.7. For Z2 = 〈x, y | [x, y]〉 consider

wn = [xn, yn] = xnynx−ny−n.

The word length of wn is 4n. The standard n× n square diagram shows Area(wn) ≤ n2,
and each relator contributes one square in such a diagram, so Area(wn) ≤ n2 and one
can show that this is actually an equality. Hence, in this case the Dehn function of Z2 is
quadratic.

Behind to preceding idea of proof of Theorem 2.1.6 is the following observation.

Lemma 2.1.8. Let S be a finite set and R ⊂ FS be finite. Then, there is an enumeration
of the elements in 〈〈R〉〉.

Proof. Fix k ∈ N. There are finitely many words in FS of length at most k, hence finitely
many choices of gi ∈ BS(k), ri ∈ R, and εi ∈ {±1} for products of length at most k. List
all products

m∏
i=1

gir
εi
i g
−1
i (1 ≤ m ≤ k),

and then let k increase. Every element of 〈〈R〉〉 has some representation of this form, so
the resulting process enumerates 〈〈R〉〉.

The obstruction in the word problem is that this enumeration only lists trivial words.
One needs either a procedure to enumerate the complement of 〈〈R〉〉 or an effective bound
on how long one must search before a representation as a product of conjugates appears.

So a possible algorithm would just run through an enumeration of 〈〈R〉〉 and its com-
plement in parallel. No matter if w ∈ FS is trivial or not, this algorithm would stop in
finite time and decide the question. This strategy can implemented for example if the
group is residually finite.

Theorem 2.1.9. Let S be a finite set and R ⊂ FS finite. If 〈S|R〉 is residually finite,
then the word problem is decidable.

Proof. Let w ∈ FS. Run two procedures in parallel. First, enumerate 〈〈R〉〉 and stop if w
appears. This detects w = 1 in the quotient. Second, for each n ∈ N enumerate S-tuples
in Sn, producing a homomorphisms ϕσ : FS → Sn. Whenever ϕσ(r) = 1 ∈ Sn for all
r ∈ R, compute ϕσ(w) and stop if it is non-trivial. By Cayley’s theorem this enumerates
all finite quotients. Thus, if 〈S|R〉 is residually finite, every non-trivial element is detected
by some S-tuple in Sn for some n ∈ N

Recall that we also proved that the subgroup membership problem is decidable for
FS, see Theorem 1.4.9. However, this was only for finitely generated subgroups and a
normal subgroup is finitely generated only if it is of finite index.

2.2 Diagram methods and Dehn’s algorithm

In this section we develop combinatorial topology tools to study groups defined by gen-
erators and relations. The main tools are van Kampen diagrams, curvature, and small
cancellation theory. As an application, we present Dehn’s algorithm to solve the word
problem in certain groups.
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2.2.1 van Kampen diagrams

We take a naive combinatorial approach to 2-complexes. A more thorough treatment can
be found in [33]. Our main object of study is the van Kampen diagram, which encodes
relations in a group presentation geometrically.

Definition 2.2.1. Let S be a finite set and R ⊂ FS. A van Kampen diagram over the
presentation 〈S|R〉 is a pointed finite oriented planar S-labeled graph together with 2-cells
attached along the boundary of each bounded face reading relators in R±1. We assume
that the base point lies on the boundary of the outer face.

Each van Kampen diagram D has a number of vertices VD, edges ED, and faces FD.
We define the Euler characteristic as follows: χ(D) := VD −ED + FD. Our first aim is to
show that van Kampen diagrams always have Euler characteristic 1.

In order to uniformize our language, we speak about cells in dimension 0, 1, 2 rather
than vertices, edges, and faces. A 0-cell is a vertex, a 1-cell is an edge, and a 2-cell is a
face.

Definition 2.2.2. A free face is a cell f that lies in the boundary of a unique higher-
dimensional cell. In a van Kampen diagram, this means either a free 1-face: an edge
contained in the boundary of a unique 2-cell, or a free 0-face: a vertex of degree 1. An
elementary collapse removes a free face f together with the unique cell containing it.

Lemma 2.2.3. If X ↓ X ′ is an elementary collapse, then χ(X) = χ(X ′).

Proof. In a 2-complex an elementary collapse removes one edge and one face, or one vertex
and one edge. In each case the quantity VX − EX + FX is unchanged.

Lemma 2.2.4. Any van Kampen diagram that is not a point contains a free face and
hence admits an elementary collapse.

Proof. If the diagram has no 2-cells, it is a finite graph. Since it cannot contain any
cycles, it is a tree and therefore has vertices of degree 1, which are free 0-faces.

Assume the diagram has at least one 2-cell. The outer boundary cycle of a van Kampen
diagram is nonempty, and unless there is a free 0-cell, each edge on that boundary is
contained in exactly one 2-cell. Hence any boundary edge is a free 1-face.

Corollary 2.2.5. If D is a van Kampen diagram, then χ(D) = 1.

Proof. Repeatedly collapse free faces until a point remains. Euler characteristic is pre-
served by Lemma 2.2.3, so χ(D) = 1.

Definition 2.2.6. Let D be a van Kampen diagram over the presentation 〈S|R〉. The
boundary label of the diagram is the sequence of labels read counterclockwise along the
outer boundary cycle starting at the base point. After reduction, this defines a word in
FS called the boundary word of the diagram.

Lemma 2.2.7. A word w ∈ FS is the boundary word of some van Kampen diagram over
the presentation 〈S|R〉 if and only if w ∈ 〈〈R〉〉.

Proof. Read the boundary word and push it across the diagram face by face. Each 2-
cell contributes a conjugate of a relator, while adjacent inverse labels cancel. Hence the
boundary word is a product of conjugates of relators.

Conversely, given a product of conjugates of relators, build a van Kampen diagram by
attaching 2-cells for each conjugate of a relator along its boundary, and then identifying
edges with inverse labels.
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We are now able to give a complete proof of Theorem 2.1.6 using van Kampen dia-
grams.

Completion of proof of Theorem 2.1.6. Assume that the Dehn function δ is computable.
Since δ is computable, we can compute δ(|w|). Given a word w ∈ FS, we want to decide
whether w represents the identity in 〈S|R〉. Note that by Lemma 2.2.7, w represents the
identity if and only if there exists a van Kampen diagram D over 〈S|R〉 with boundary
word w ∈ FS. After basic reductions, we can assume that the sequence of labels around the
boundary of D reads exactly w without any cancellations. With this additional condition,
the total number of edges on the boundary of D is exactly |w| and thus the total number
of edges in D is bounded above by 1/2|w|+1/2

∑
f∈FD |∂f | ≤ 1/2(|w|+maxr∈R |r|·δ(|w|)).

Hence, the size of the diagram is controlled by the number of faces and the length of the
relators. If such a van Kampen diagram D exists, it can be found by a finite enumerative
search. And, if we find such a diagram, then w represents the identity; otherwise it does
not. This completes the proof.

Note that, in general, this does not mean that we can effectively construct the required
van Kampen diagrams. The number of possible diagrams grows extremely fast with the
number of faces. On top of that, a computable function may grow very fast, making the
search infeasible in practice.

2.2.2 Combinatorial Gauss–Bonnet

In this section we develop a combinatorial version of the Gauss–Bonnet theorem for angled
2-complexes. This will allow us to control the structure of van Kampen diagrams.

Definition 2.2.8. An angled van Kampen diagram is a van Kampen diagram together
with an assigned angle to each corner, i.e., a pair consisting of an incident vertex and
2-cell. We denote the angle at corner c by ]c ∈ [0, π) and the set of corners of a 2-cell f
by C(f). For a face f , its perimeter |∂f | counts the number of boundary edges.

Definition 2.2.9. For a 2-cell f set

Curv(f) :=
∑
c∈C(f)

]c− (|∂f | − 2)π.

For a vertex v, let link(v) be the graph obtained by intersecting a small sphere around v
with the van Kampen diagram; its edges correspond to corners at v. Define

Curv(v) := π(2− χ(link(v)))−
∑

e∈E(link(v))

]e.

Theorem 2.2.10 (Gauss-Bonnet). For an angled van Kampen diagram,∑
f

Curv(f) +
∑
v

Curv(v) = 2π.

Proof. Let Ψ be the total angle sum over all corners. Then∑
f

Curv(f) = Ψ−
∑
f

(|∂f | − 2)π.
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For each vertex v, the graph link(v) has deg(v) vertices and |C(v)| edges, where deg(v)
is the degree of v in X and |C(v)| is the number of corners at v. Thus χ(link(v)) =
deg(v)− |C(v)|. Hence, we obtain∑

v

Curv(v) =
∑
v

π(2− χ(link(v)))−Ψ = 2πVX − π
∑
v

deg(v) + π
∑
v

|C(v)| −Ψ.

Since
∑

v deg(v) = 2EX and
∑

v |C(v)| =
∑

f |∂f |, we obtain∑
f

Curv(f) +
∑
v

Curv(v) = 2πVX − 2πEX + 2πFX = 2π.

This concludes the proof using Corollary 2.2.5.

2.2.3 Small cancellation and shells

We assume 〈S|R〉 is a finite presentation in which all relators are cyclically reduced and R
is symmetrized, i.e. closed under cyclic conjugation and inverses. If that is not the case,
we can replace R by the symmetrized set of cyclically reduced conjugates of elements of
R without changing the group. For example, the relation aba−1b−1 can be replaced by
the symmetrized set:

{aba−1b−1, bab−1a−1, a−1b−1ab, b−1a−1ba,

ab−1a−1b, b−1aba−1, a−1bab−1, b−1a−1ba}.

Definition 2.2.11. A piece is a non-trivial word that occurs as a prefix of two distinct
relators in R. The presentation satisfies the C ′(λ) small cancellation condition if for any
piece p contained in a relator r one has

|p| < λ|r|.

Definition 2.2.12. A cancellable pair in a van Kampen diagram is a pair of adjacent
2-cells that share a path labeled by a word and its inverse; removing both cells and the
shared path yields another diagram. A diagram is reduced if it contains no cancellable
pair.

An arc is a maximal connected subgraph whose vertices all have degree ≤ 2. An edge
is internal if it lies in the boundary of two 2-cells; an internal arc is an arc consisting of
internal edges. An arc-reduced diagram is obtained from a reduced diagram by replacing
each arc by a single oriented edge labeled by its word. In an arc-reduced diagram there
are no vertices of degree 2.

Lemma 2.2.13. In a reduced van Kampen diagram over a symmetrized presentation, the
label of every internal arc is a piece.

Proof. An internal arc is shared by two distinct 2-cells. Reading along the boundaries of
those cells gives two occurrences of the arc label in relators from R±1. If those occurrences
were inverse in the same position, the cells would form a cancellable pair, contradicting
reducedness. Hence the label is a piece.

Definition 2.2.14. Let D be an arc-reduced van Kampen diagram homeomorphic to a
disc. A vertex is interior if it lies in the interior of D, otherwise it is exterior. A 2-cell is
internal if all of its edges are internal, and external otherwise.
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A 2-cell f is an i-shell if its boundary decomposes as

∂f = pq,

where p is a single external arc and q is a path of i internal arcs.

Lemma 2.2.15. In a C ′(1/6) presentation, every internal 2-cell in an arc-reduced dia-
gram has at least 7 sides.

Proof. Each side of an internal 2-cell is an internal arc and thus labels a piece by Lemma 2.2.13.
By C ′(1/6) each such arc has length strictly less than |r|/6, where r is the relator labeling
the cell. Hence at least 7 arcs are required to obtain total boundary length |r|.

Proposition 2.2.16. Let D be an arc-reduced van Kampen diagram homeomorphic to a
disc over a C ′(1/6) presentation with at least two 2-cells. Then D contains an i-shell with
i ∈ {1, 2, 3}.

Proof. Assign angles so that every vertex has zero curvature: for an interior vertex v set
each incident corner angle to 2π/ deg(v), and for an exterior vertex set each incident corner
angle to π/(deg(v)− 1). After freely reducing the boundary word, we may assume D has
no degree 1 vertices. Since D is arc-reduced, it has no degree 2 vertices, so deg(v) ≥ 3,
and interior angles are at most 2π/3 while exterior angles are at most π/2.

By Lemma 2.2.15, every internal 2-cell has at least 7 sides and thus negative curvature,
since

Curv(f) ≤ k(2π/3)− (k − 2)π = (6− k)(π/3) ≤ −π/3.

Consider an external 2-cell that is not a shell. Then its boundary meets the exterior
in at least two disjoint arcs, so it has at least four exterior corners. Hence its angle sum
is at most 4(π/2) + (k − 4)(2π/3) for k sides, which is at most (k − 2)π for k ≥ 4, so its
curvature is non-positive as well.

Therefore all positive curvature must come from external cells whose boundary meets
the exterior in exactly one arc. Such a cell is an i-shell. If i ≥ 4, then the cell has
k = i+ 1 ≥ 5 sides with two exterior corners, so its angle sum is at most

2(π/2) + (k − 2)(2π/3) = (2k − 1)(π/3) ≤ (k − 2)π

and its curvature is non-positive. Since χ(D) = 1, total curvature is 2π > 0 by Theo-
rem 2.2.10, so there must exist an i-shell with i ∈ {1, 2, 3}.

Corollary 2.2.17. Let D be a arc-reduced van Kampen diagram over a C ′(1/6) presen-
tation. Then the boundary label of D contains a subword that is more than half of a cyclic
permutation of some relator in R±1.

Proof. If D has a single 2-cell, then the boundary word is a relator and the conclusion is
immediate. Otherwise, Proposition 2.2.16 gives an i-shell with i ≤ 3. The internal path
is the concatenation of at most 3 pieces, each of length < |r|/6, hence has length < |r|/2.
Therefore the external arc of that shell has length > |r|/2 and lies on the boundary of
D.

We will see in the next section that this corollary implies the existence of a naive
solution to the word problem in C ′(1/6) groups.
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2.2.4 Dehn’s algorithm

We now describe Dehn’s algorithm and, using the diagram methods above, prove a small-
cancellation criterion for when it succeeds. In the following let S be finite and R ⊂ FS
be a finite set of relations. Assume that R is symmetrized. Let us look at the most naive
algorithm: S finite, R ⊂ FS finite. Start with w ∈ FS. The algorithm has only one step
that is applied as long as possible: If w = w1uw2 and there is r ∈ R±1 with r = uv and
|u| > |v|, then replace u by v−1 to obtain w′ := w1v

−1w2, and freely reduce. We call that
operation a Dehn reduction. Note that w and w′ represent the same group element since
uv−1 = r ∈ 〈〈R〉〉 and |w′| < |w|.

Definition 2.2.18. We say that the algorithm works for a presentation if every trivial
word admits repeated Dehn reductions that terminate at the empty word.

Note that if the Dehn algorithm works for a presentation, then the word problem is
decidable since one can just run the algorithm and see if it terminates at the empty word;
in fact we obtain δ(n) ≤ n.

Definition 2.2.19. A word is Dehn-reduced if it is freely reduced and contains no subword
longer than half of any cyclic permutation of a relator from R±1.

Definition 2.2.20. Let D be a van Kampen diagram. A vertex is semi-exterior if its link
is not connected. Equivalently, the vertex is not contained in the boundary of a single
disc component of D.

Theorem 2.2.21 (Greendlinger, see [17]). If 〈S|R〉 satisfies C ′(1/6), then Dehn’s algo-
rithm solves the word problem. That is, a word w ∈ FS represents the identity in 〈S|R〉
if and only if it is Dehn-reduced and non-trivial.

Proof. Let w be a freely reduced word representing the identity and let D be a reduced
van Kampen diagram with boundary label w. If D is a disc, Corollary 2.2.17 yields a
subword of w longer than half a relator; Dehn’s algorithm shortens w. Iterating and
inducting on the number of faces shows that w reduces to the empty word.

If D is not a disc, then it contains a semi-exterior vertex, and D decomposes into disc
components meeting along a tree. At least one disc component contributes a boundary
subword of w; applying Corollary 2.2.17 to that component again yields a Dehn reduction.
Thus the same induction applies. The converse is immediate since each Dehn reduction
preserves the group element.

Apart from solving the word problem, C ′(1/6) presentations are quite useful since
many questions about the group can be answered easily. As an example, we show that
such groups are infinite.

Theorem 2.2.22. If 〈S|R〉 satisfies C ′(1/6) and |S| ≥ 2 and R finite, then the group is
infinite and contains an element of infinite order.

Proof. Let us assume that R is symmetrized and that all relators are cyclically reduced.
We consider the set F of prefixes of elements r ∈ R of length greater |r|/2. Consider the set
L of reduced words in S ∪S−1 without any subwords in that set. By C ′(1/6)-cancellation
condition, such words are Dehn-reduced and hence non-trivial by Theorem 2.2.21.

We claim that any word w ∈ L can be extended by some letter from S ∪ S−1 to a
longer word in L. Let x ∈ S ∪ S−1 be the last letter in w. Now, suppose there are two
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distinct letters a 6= b with a 6= x−1, b 6= x−1 such that wa /∈ L and wb /∈ L. Since w ∈ L,
any forbidden subword in wa (resp. wb) must end at the last letter. Hence there exist
suffixes va of wa and vb of wb in F . Choose ra, rb ∈ R with va a prefix of ra, vb a prefix
of rb and

|va| > 1
2
|ra|, |vb| > 1

2
|rb|.

Let ` := min{|va|, |vb|} and let p be the common prefix of va and vb of length ` − 1. It
follows that p is freely reduced and a piece of both ra and rb. Let L := min{|ra|, |rb|}.
Then |va| ≥ ` and |vb| ≥ ` give ` > 1

2
L, hence

|p| = `− 1 > 1
2
L− 1.

If L = 2, then ` > 1
2
L = 1 forces ` ≥ 2, hence |p| ≥ 1, contradicting C ′(1/6) because

|p| < L/6 = 1/3. If L ≥ 3, then 1
2
L − 1 ≥ 1

6
L, so |p| > 1

6
L, again contradicting C ′(1/6).

Since 2|S| − 2 ≥ 1, there is always at least one allowed letter a with wa ∈ L. Hence L
contains words of arbitrarily large length.

Let M := max{|f | : f ∈ F}, which is finite since R is assumed to be finite. If there
exists arbitrarily long words in L, we can find a word w that contains a subword v of
length M twice, i.e. w = w1vw2vw3 for some words w1, w2, w3. Since vw2v does not
contain a forbidden subword and |v| = M , we conclude that (vw2)n does not contain
any forbidden subword for any n ∈ N. Hence, the group contains an element of infinite
order.

From a more abstract point of view, the set of Dehn-reduced words forms a regular
language since it is characterized by a finite set of forbidden subwords and can thus be
recognized by a finite state automaton. Hence, C ′(1/6) groups are an example of groups
with a regular set of normal forms. Moreover, the argument in the proof of Theorem 2.2.22
is essentially an application of the pumping lemma for regular languages.

2.3 Examples

2.3.1 HNN-construction

This is the Higman–Neumann–Neumann construction. This construction allows one to
build new groups from old ones by forcing two isomorphic subgroups to be conjugate. It
is a fundamental construction in combinatorial group theory and has many applications,
for example in the proof of the Higman embedding theorem.

Definition 2.3.1. Given G,H1, H2 6 G where H1
∼= H2 via α. Then define

G∗α = HNN(G,H1, H2, α) :=
〈
G, t | th1t

−1 = α(h1) for all h1 ∈ H1

〉
.

Essentially, we introduce a new letter t in order to force the two subgroups to be con-
jugate. In practice, one includes the relators of G together with the conjugacy relations,
as in the next proposition.

It holds that BS(n,m) = HNN(Z, nZ,mZ, n 7→ m). However, this is no surprise; it is
pretty much by definition. We will see below, via Britton’s Lemma (Theorem 2.3.3), that
the base group G and the stable letter t embed in the HNN extension.
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Proposition 2.3.2. Let G = 〈X | R〉 and assume H1, H2 6 G are finitely generated by
S ⊂ H1 and α(S) ⊂ H2, where α : H1

∼−→ H2. Then

G∗α =
〈
X ∪ {t}

∣∣∣R ∪ {ts̃t−1α̃(s)
−1
| s ∈ S}

〉
where s̃ ∈ FX is a lift of s ∈ H1.

Proof. The relations of G are included by construction, and the extra relations force
conjugacy between H1 and H2. Any homomorphism out of G∗α is determined by its
restriction to G and the image of t, so the stated presentation follows from the universal
property of the HNN extension.

Theorem 2.3.3 (Britton). Let G∗α be an HNN-extension as above. A word

w = g0t
ε1g1 · · · tεngn

with gi ∈ G and εi ∈ {±1} represents a non-trivial element if it is reduced and contains
no pinch, i.e. no subword of the form tat−1 with a ∈ H1 or t−1bt with b ∈ H2.

Proof. Assume w is reduced and has no pinch. Suppose w = 1 in G∗α and let D be a
reduced van Kampen diagram with boundary label w. Each HNN relator has the form
tut−1v−1 (or its inverse), so each such 2-cell has two edges labeled by t±1. A t–band is
a maximal chain of 2-cells where consecutive cells share a t–edge. Since D is reduced, a
t–band cannot start and end on the same edge; it must run from one boundary t–edge to
another.

Follow the t–band beginning at the first t±1 in the boundary word. Reading the side
labels of the band shows that the subword between these two boundary t–edges represents
an element of H1 (if the band starts with t and ends with t−1) or of H2 (if it starts with
t−1 and ends with t). Hence the boundary word contains a pinch, contradicting the
assumption. Therefore w 6= 1.

Corollary 2.3.4. The natural map G ↪→ G∗α is injective, and the subgroup 〈t〉 is infinite
cyclic.

Proof. A non-trivial element of G is already in Britton-reduced form, so it cannot become
trivial in G∗α. Similarly, tn is Britton-reduced for n 6= 0, hence non-trivial.

2.3.2 Amalgamated free products

Amalgamated free products generalize free products by gluing along a common subgroup.
They appear naturally when studying graphs of groups and fundamental groups of spaces
with identified subspaces.

Definition 2.3.5. Consider groups Γ1,Γ2 both with a subgroup isomorphic to Λ. Then
Γ1 ∗Λ Γ2 is the universal group ”containing” Γ1,Γ2 with Λ identified.

Λ Γ1

Γ2 Γ1 ∗Λ Γ2

Z

ϕ1

ϕ2

there exists a unique ϕ
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Γ1 ∗ Γ2 is also called the pushout of the diagram

Λ Γ1

Γ2

Γ1 ∗Λ Γ2 =

〈
X1 ∪X2 | R1 ∪R2 ∪ {ι̃1(λ)ι̃2(λ)

−1

| λ ∈ Λ}
〉
.

Proposition 2.3.6. Let G = G1 ∗H G2 be an amalgamated free product. Choose right
coset representatives Si for H in Gi with 1 ∈ Si. Every element of G can be written
uniquely as

hs1s2 · · · sn,
where h ∈ H, each sj ∈ Sεj \ {1}, and consecutive sj, sj+1 come from different factors.
Such a word is called reduced. A reduced word with n ≥ 1 represents a non-trivial element.

Proof. Consider the set of reduced words and let G1 and G2 act by left multiplication
followed by reduction. These actions agree on H and generate a transitive action of G.
The stabilizer of the empty word is H, which gives the normal form and uniqueness.
If a reduced word with n ≥ 1 represented the identity, it would fix the empty word,
contradicting uniqueness.

Corollary 2.3.7. Let g1 ∈ G1 \H and g2 ∈ G2 \H be such that 〈g1〉 and 〈g2〉 are infinite
and intersect H trivially. Then g1 and g2 generate a free subgroup of G.

Proof. Any non-trivial reduced word in g±1
1 and g±1

2 is reduced in the sense of Proposi-
tion 2.3.6, hence non-trivial.

2.3.3 Solvable and nilpotent groups

Definition 2.3.8. Let G(0) := G and G(k+1) := [G(k), G(k)] be the derived series. The
group G is called solvable if G(n) = {1} for some n. The smallest such n is the derived
length.

Definition 2.3.9. Define the lower central series by γ1(G) := G and γk+1(G) := [G, γk(G)].
The group G is nilpotent if γn(G) = {1} for some n, and the smallest such n is the nilpo-
tency class.

Example 2.3.10. The affine group of the line

Aff(R) = {x 7→ ax+ b | a ∈ R>0, b ∈ R}

is solvable of derived length 2. The subgroup of translations is normal and abelian, and the
quotient by that subgroup is isomorphic to (R>0, ·), which is abelian as well. Restricting
to a ∈ 〈p〉 for some p > 1 and b ∈ Z[1/p] produces the discrete affine (ax+b) group that
also admits the same two-step derived series.

Example 2.3.11. The (discrete) Heisenberg group

H =


1 x z

0 1 y
0 0 1

 ∣∣∣∣∣∣ x, y, z ∈ Z

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is nilpotent of class 2. Writing

X =

1 1 0
0 1 0
0 0 1

 , Y =

1 0 0
0 1 1
0 0 1

 , Z = [X, Y ] =

1 0 1
0 1 0
0 0 1

 ,

the group is generated by X, Y with center 〈Z〉, so it is a central extension of Z2 by Z.
This matrix representation exhibits H as a subgroup of GL3(Z) and makes it manifestly
nilpotent with the lower central series terminating at 〈Z〉.

2.3.4 Baumslag–Solitar groups

We now illustrate the preceding definitions with one-relator groups and HNN extensions.
See [3] for the original reference on Baumslag–Solitar groups and [33] for more details on
one-relator groups. Let us take a look at the definition:

BS(n,m) :=
〈
a, b | banb−1a−m

〉
.

So in BS(n,m) an and am are conjugate via b. They fall into the general class of one-
relator groups. Its clear that BS(1, 1) = Z2.

BS(1,−1) =
〈
a, b | bab−1a

〉
.

Picture of the relator:
• •

• •
Glue this with its inverse to form:

• • •

• • •

This is a van Kampen diagram, so its boundary word is also in 〈〈R〉〉. This is ab2a−1b−2.
Therefore, N := 〈a, b2〉 6 BS(1,−1) is abelian and normal in BS(1,−1). Indeed, we have
the following conjugation relations:

a · a · a−1 = a ∈ N
a · b2 · a−1 = b2 ∈ N
b · a · b−1 = a−1 ∈ N
b · b2 · b−1 = b2 ∈ N.

Now, what could be the quotient? BS(1,−1)/N = Z/2Z. This is because only b survives.
Now it could also be trivial, but you can make sure that b 6∈ N . So we can try to recover
BS(1,−1) as a semidirect product. It turns out that

BS(1,−1) = Z nα Z

with α(a)(b) = (−1)ab.
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BS(2, 1) = 〈a, b | bab−1 = a2〉. Let us find some nice subgroups. 〈a〉 is certainly not
normal, since:

b−1 〈a〉 b 66 〈a〉 .

This is because b−1ab is a sort of square root of a, since it squares to a. Still, let us assume
that 〈a〉 = Z. Let us take α : Z → Aut(Z[1

2
]), α(1) = ×2. Take a look at Z nα Z[1

2
].

Define BS(1, 2)→ Z nα Z[1
2
], a 7→ (0, 1), b 7→ (1, 0). Now

bab−1 7→ (1, 0)(0, 1)(−1, 0) = (0, α1(1)) = (0, 2) = a2.

So this is a well defined homomorphism (since it respects the relators). This is surjective:
We map to (1, 0) already, and we map to (0, 1

2
) via b−1ab :

b−1ab 7→ (−1, 0)(0, 1)(1, 0) = (0, α−1(1)) = (0,
1

2
).

Injectivity can also be shown. So in fact: BS(2, 1) = Z nα Z[1
2
]. In particulat, BS(2, 1)

is residually finite since Z[1
2
] is residually finite and Z is residually finite.

Lastly, let us take a look at BS(2, 3) = 〈a, b | ba2b−1 = a3〉. It turns out, that this is
actually not residually finite!

Lemma 2.3.12. BS(2, 3) is not residually finite.

Proof. Assume that ϕ : BS(2, 3)→ H with H finite. Let x = ϕ(a) and y = ϕ(b), and set
n := ord(x). Since x2 and x3 are conjugate, they have the same order. Writing x as [1] in
Z/nZ, this forces 2 - n and 3 - n, hence n is odd. Therefore x ∈ 〈x2〉. Using a2 = b−1a3b
we obtain

[yx2y−1, x] = 1 =⇒ [yxy−1, x] = 1,

so every finite quotient kills the commutator [bab−1, a].
It remains to see that [bab−1, a] 6= 1 in BS(2, 3). The group

BS(2, 3) = 〈a, b | ba2b−1 = a3〉

is the HNN extension of Z = 〈a〉 with associated subgroups 2Z and 3Z, so Britton’s
lemma (Theorem 2.3.3) gives normal forms and solves the word problem. The word

[bab−1, a] = bab−1aba−1b−1a−1

has no pinch: the exponents of a between b±1 are ±1, which are in neither 2Z nor
3Z. Hence the word is Britton-reduced and represents a non-trivial element. Therefore
BS(2, 3) is not residually finite.

2.3.5 Baumslag–Gersten group

The Baumslag–Gersten group is an HNN extension of BS(1, 2) and provides a classical
example with extreme isoperimetric behavior; see [2].

Definition 2.3.13. The Baumslag–Gersten group is

BG := 〈a, b, t | bab−1 = a2, tat−1 = b〉.

Lemma 2.3.14. Every finite quotient of BG is cyclic.
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Proof. Let ϕ : BG → F be a homomorphism to a finite group, and write ā, b̄, t̄ for the
images. Since b̄ = t̄āt̄−1, the elements ā and b̄ are conjugate and have the same order, say
n. The relation b̄āb̄−1 = ā2 shows that conjugation by b̄ restricts to the automorphism
x 7→ x2 of the cyclic group 〈ā〉, so n is odd and the multiplicative order ordn(2) divides
ord(b̄) = n.

If n > 1, then n is odd, so Euler’s totient ϕ(n) is even and ordn(2) divides ϕ(n). Hence
ordn(2) is even. An even integer cannot divide the odd integer n, so we must have n = 1.
Hence ā = b̄ = 1, and F is generated by t̄, so F is cyclic.

2.3.6 Higman’s group

We now turn to Higman’s group, which has no non-trivial finite quotients; see [27].

Theorem 2.3.15 (Higman).
〈
a1, a2, a3, a4 | ai+1aia

−1
i+1 = a2

i

〉
for i ∈ Z/4Z is infinite and

has no finite quotients.

Proof. Write a = a1, b = a2, c = a3, d = a4. The finite-quotient argument follows Tao’s
proof. We first show there are no non-trivial finite quotients. Let ϕ : G → F with F
finite, and still denote the images by a, b, c, d. From bab−1 = a2 we obtain by induction

bnab−n = a2n (n ≥ 1).

If bn = 1 then a = a2n , hence a2n−1 = 1 and

ord(a) | 2ord(b) − 1.

If a prime p divides ord(a), then 2ord(b) ≡ 1 (mod p), so ord(b) is divisible by the multi-
plicative order of 2 modulo p, which is at most p − 1. Thus ord(b) has a prime divisor
strictly smaller than p. Cyclically applying the same argument to b, c, d, a gives an infinite
descent in primes, which is impossible. Hence ord(a) = ord(b) = ord(c) = ord(d) = 1,
and every homomorphism to a finite group is trivial.

To see that G is infinite, we construct it using amalgamated free products. Let

G1 = 〈a, b, c | bab−1 = a2, cbc−1 = b2〉.

This is the amalgamated free product of 〈a, b | bab−1 = a2〉 and 〈b, c | cbc−1 = b2〉
along 〈b〉. By Britton’s lemma, 〈b〉 is infinite cyclic and intersects neither 〈a〉 nor 〈c〉, so
Corollary 2.3.7 shows that a and c generate a free subgroup H = 〈a, c〉 in G1.

Similarly,
G2 = 〈c, d, a | dcd−1 = c2, ada−1 = d2〉

contains the same free subgroup H = 〈a, c〉. The Higman group is the amalgamated free
product G1 ∗H G2, and another application of Corollary 2.3.7 shows that b and d generate
a free subgroup. In particular G is infinite.

2.3.7 Abels’ group

Theorem 2.3.16 (Abels). There exists a solvable finitely generated group that is not
residually finite.
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Proof. Fix a prime p and set R = Z[1/p]. Let

G =


1 a c

0 pk b
0 0 1

 ∣∣∣∣∣∣ a, b, c ∈ R, k ∈ Z
 .

This is a solvable (hence amenable) subgroup of GL3(R) and is finitely generated, for
instance by 1 1 0

0 1 0
0 0 1

 ,

1 0 0
0 1 1
0 0 1

 ,

1 0 0
0 p 0
0 0 1

 .

As a finitely generated linear group over characteristic 0, G is residually finite.
The center consists of matrices with a = b = 0, k = 0, and c ∈ R, so Z(G) ∼= R via

the upper right entry. Let

Z =


1 0 z

0 1 0
0 0 1

 ∣∣∣∣∣∣ z ∈ Z
 ≤ Z(G).

Conjugation by D = diag(p, 1, 1) sends a 7→ pa and c 7→ pc, so it defines an endomorphism
ϕ : G→ G with ϕ(Z) = pZ ( Z. Hence ϕ induces a surjective endomorphism ϕ̄ : G/Z →
G/Z. On the central element represented by c = 1/p we have ϕ̄(1/p + Z) = 1 + Z = 0,
so ϕ̄ is not injective. Thus G/Z is not Hopfian, and by Theorem 1.2.6 it is not residually
finite. Since G is solvable, so is G/Z.



Chapter 3

Cayley graphs and metric geometry

This chapter introduces Cayley graphs and growth, then uses quasi-isometries and hyper-
bolicity to compare large-scale geometry of groups.

3.1 Cayley graphs and growth

3.1.1 Cayley graphs and word metric

Definition 3.1.1. Let G be a group and S ⊆ G a finite generating set. The Cayley graph
Cay(G,S) has vertex set G and edges

g ←→ gs (g ∈ G, s ∈ S ∪ S−1),

viewed as an undirected graph. The associated path metric is denoted dS, and

|g|S := dS(1, g)

is the word length. Then dS(g, h) = |g−1h|S.

3.1.2 Growth functions

Definition 3.1.2. For n ∈ N let BS(n) := {g ∈ G | |g|S ≤ n}. The growth function of
(G,S) is

γG,S(n) := |BS(n)|.

Definition 3.1.3. For functions f, g : N→ N write f � g if there exists C ≥ 1 such that

f(n) ≤ C g(Cn) for all n ≥ 1,

and write f ' g if f � g and g � f . The equivalence class of γG,S is called the growth
type of G.

Proposition 3.1.4. If S and T are finite generating sets of G, then γG,S ' γG,T .

Proof. Let C = max{|t|S | t ∈ T}. Then |g|S ≤ C|g|T for all g ∈ G, so BT (n) ⊆ BS(Cn)
and hence γG,T (n) ≤ γG,S(Cn). The reverse inequality follows by symmetry, hence γG,S '
γG,T .

33
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Definition 3.1.5. Let G be finitely generated and let γG denote the growth function with
respect to any finite generating set. We say G has polynomial growth if γG(n) � nd for
some d, and exponential growth if there exist a > 1 and C > 0 such that γG(n) ≥ Can

for all n ≥ 1. We say G has subexponential growth if lim supn→∞ γG(n)1/n = 1; for
finitely generated groups the limit exists [37]. We say G has intermediate growth if it has
subexponential growth but not polynomial growth. These notions depend only on the
growth type by Proposition 3.1.4.

Example 3.1.6. G = Zd with the standard generators. Then BS(n) = {v ∈ Zd | ‖v‖1 ≤
n}, so there exist constants c1, c2 > 0 with

c1n
d ≤ γG,S(n) ≤ c2n

d.

Example 3.1.7. G = Fk with free basis S. The number of reduced words of length n is
2k(2k − 1)n−1, so

γG,S(n) = 1 +
n∑
j=1

2k(2k − 1)j−1.

In particular there exist constants a1, a2 > 0 with a1(2k − 1)n ≤ γG,S(n) ≤ a2(2k − 1)n.

Example 3.1.8. Let H be the discrete Heisenberg group

H =


1 x z

0 1 y
0 0 1

 ∣∣∣∣∣∣ x, y, z ∈ Z
 .

Set

X =

1 1 0
0 1 0
0 0 1

 , Y =

1 0 0
0 1 1
0 0 1

 , Z = [X, Y ] =

1 0 1
0 1 0
0 0 1

 .

Every element is uniquely XaY bZc with a, b, c ∈ Z, and Y X = XY Z. Let S = {X, Y }
and let a word w have NX letters X±1 and NY letters Y ±1. To move all X’s to the left
and all Y ’s to the right, each swap changes the Z–exponent by at most 1, so |c| ≤ NXNY .
If |w| ≤ n, then NX +NY ≤ n, hence |a|, |b| ≤ n and |c| ≤ n2/4. Thus |BS(n)| � n4.

For the lower bound, fix a, b ∈ {0, . . . , bn/2c} and consider words consisting of a copies
of X and b copies of Y . The relation Y X = XY Z shows that swapping adjacent Y and X
increases the Z–exponent by 1, so for each c ∈ {0, . . . , ab} there is such a word with value

XaY bZc. Its length is a+ b ≤ n, so |BS(n)| �
∑bn/2c

a,b=0(ab+ 1) ' n4. Hence γH(n) ' n4.

Example 3.1.9. Fix a prime p and set

G =

{(
pk a
0 1

) ∣∣∣∣ k ∈ Z, a ∈ Z[1/p]

}
≤ GL2(Z[1/p]).

Let

D =

(
p 0
0 1

)
, U =

(
1 1
0 1

)
.

Then Dk = diag(pk, 1) and DmUD−m =
(

1 pm

0 1

)
, so the subgroup of unipotent matrices

( 1 x
0 1 ) with x ∈ Z[1/p] is generated by conjugates of U . For any a ∈ Z[1/p] and k ∈ Z we

can write (
pk a
0 1

)
= Dk

(
1 a/pk

0 1

)
,
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so G = 〈D,U〉.
To see that G has exponential growth, write elements in semidirect-product form (k, x)

with multiplication (k, x)(`, y) = (k + `, x + pky), where D = (1, 0) and U = (0, 1). For
εi ∈ {0, 1} consider

w(ε) = U ε0DU ε1D · · ·U εn−1D.

A short computation gives

w(ε) =

(
n,

n−1∑
i=0

εip
i

)
,

so distinct binary sequences yield distinct elements. Hence γG(2n) ≥ 2n, and G has
exponential growth.

3.1.3 Nilpotent groups have polynomial growth

Proposition 3.1.10. Every finitely generated nilpotent group has polynomial growth.

Outline of proof: Let S be a finite generating set of G and let γ1(G) = G ≥ γ2(G) ≥
· · · ≥ γc+1(G) = {1} be the lower central series. If c = 1 then G is abelian and hence has
polynomial growth by Example 3.1.6. Assume c > 1 and set H = γc(G). Since G/H is
nilpotent of class c− 1, the induction hypothesis gives a polynomial upper bound

|π(BS(n))| ≤ P (n)

for the projection π : G→ G/H.
The subgroup H is central and finitely generated abelian. Indeed, each quotient γk(G)

/γk+1(G) is finitely generated abelian. Choose a generating set T = {t1, . . . , tm} of H and
extend it to a generating set of G adapted to the lower central series (for instance by
taking lifts of generators for each abelian quotient). Now every element g ∈ BS(n) can
be written by the collecting process as

g = tα1
1 · · · tαmm · r,

where r lies in a fixed set of coset representatives for H and therefore belongs to π(BS(n)).
Each exponent αi is bounded in absolute value by a polynomial in n because commuting a
generator past another contributes an element of a higher term in the central series. More
precisely, rewriting a word in S of length n into the collected form only produces central
commutators of weight at most c, so the number of occurrences of any ti is bounded by
Cnc for some constant C depending on S and the chosen ordering of commutators. Thus

|BS(n)| ≤ |BT (Cnc)| · |π(BS(n))|,

where BT (Cnc) is the ball of radius Cnc in the abelian group H and therefore has size
bounded by a polynomial. Combining with |π(BS(n))| ≤ P (n) yields a polynomial upper
bound P̃ (n) for |BS(n)|, completing the induction.

3.1.4 Tao’s argument for unitary groups of polynomial growth

The following lemma is a simple instance of the Tits alternative that can be proved more
directly using an argument of Tao. It exemplifies how growth conditions can be fre-
quently very powerful and have an unexpected interplay between algebraic and geometric
properties.
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Lemma 3.1.11. Let G ⊂ U(n) be finitely generated and of polynomial growth. Then G
is virtually abelian.

Proof. For A ∈ Mn(C) let ‖A‖op be the operator norm on Cn. For g, h ∈ U(n) we set
d(g, h) := ‖g − h‖op, which gives a bi-invariant metric.

If Γ contains a central element z which is not a scalar multiple of 1, then Γ lies in
the centralizer ZU(n)(z). By the spectral theorem, z is diagonalizable with at least two
distinct eigenvalues and corresponding multiplicities n1, . . . , nk with k ≥ 2,

∑
i ni = n;

then
ZU(n)(z) ∼= U(n1)× · · · × U(nk)

via block decomposition. Let πi : ZU(n)(z) → U(ni) be the projections. Each πi(Γ) is
finitely generated and has polynomial growth, hence by induction on n is virtually abelian.
This implies that Γ is virtually abelian as well. From now on, we may assume that the
only central elements of Γ are scalar multiples of 1.

Fix a small parameter ε > 0 to be chosen later. Define Γε := 〈{g ∈ Γ : ‖g−1‖op ≤ ε}〉.
We claim that Gε has finite index in Γ. Indeed, by compactness any ε-separated subset of
U(n) is finite. Let X ⊂ Γ be a maximal ε-separated subset. For each g ∈ Γ, there exists
x ∈ X with d(g, x) ≤ ε, so ‖x−1g − 1‖op ≤ ε, thus g ∈ xΓε. Hence [Γ : Γε] ≤ |X|.

Since polynomial growth is invariant under finite-index subgroups, Γε also has poly-
nomial growth. Being finitely generated, there exists a finite symmetric generating set
S ⊂ Γε with ‖s− 1‖op ≤ ε for all s ∈ S.

Assume Γε is not abelian, thus S contains a non-scalar element. Choose h1 ∈ S which
is not scalar, and set δ1 := ‖h1 − 1‖op ∈ (0, ε].

For g ∈ S, consider the commutators [g, h1] = gh1g
−1h−1

1 . Using bi-invariance of ‖·‖op

and the expansion gh1g
−1h−1

1 − 1 = (g − 1)(h1 − 1)− (h1 − 1)(g − 1), we get

‖[g, h1]− 1‖op ≤ 2εδ1.

Also, det([g, h1]) = 1 for all g ∈ S. If every [g, h1] were scalar, then for ε small (say
ε < 2 sin(π/n), which makes small scalars of U(n) equal to 1), we would have [g, h1] = 1

for all g ∈ S, so h1 is central – contradiction.
Therefore there exists g1 ∈ S with h2 := [g1, h1] non-scalar. Set δ2 := ‖h2 − 1‖op;

then 0 < δ2 ≤ 2εδ1. Iterating this procedure, we obtain non-scalar elements gk+1, hk+1 =
[gk, hk], so that

δk+1 := ‖hk+1 − 1‖op ≤ 2εδk.

Thus δk decreases geometrically δk ≤ (2ε)k−1δ1.
Consider the word length in Γε with respect to S. If h1 ∈ 〈S〉 and hk+1 = [gk, hk] with

gk ∈ S, then
`S(hk) ≤ 3 · 2k−1.

Indeed, we have `S(hk+1) ≤ 2 + 2`S(hk), so by induction `S(hk) ≤ 3 · 2k−1 − 2.
Choose ε small enough that 2ε ≤ 1/10. Set η := 2ε and consider the sequence (hk)k.

Then ‖hk − 1‖op ≤ ε ≤ η and ‖hk+1 − 1‖op ≤ η‖hk − 1‖op.
We claim that for 0 < η ≤ 1/10, the following holds: all words

hi11 h
i2
2 · · ·himm (0 ≤ i1, . . . , im ≤M)

are pairwise distinct, where M := b1/(10η)c. Indeed, suppose two words are equal. By
comparing at the first differing index t and using the lower bound ‖hrt − 1‖op ≥ |r|δt/2
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against the upper bound from the right-hand side, which is at most 4mδt+1 ≤ mηδt ≤ δt/4
for small η and m, we reach a contradiction.

Thus we have at least
Nm := (M + 1)m ≥ cm0 ε

−m

distinct elements in Γε for some constant c0 > 0. Now, any word hi11 · · ·himm has S-length
at most

M

m∑
k=1

3 · 2k−1 ≤ 3M(2m − 1) ≤ 3M2m.

So all Nm distinct elements lie in the ball BS(Rm) with Rm := 3M2m. Polynomial growth
gives |BS(R)| ≤ CRd for constants C, d. Thus

Nm ≤ C(3M2m)d ≤ C ′ε−d2md.

Using Nm ≥ cm0 ε
−m, we get

cm0 ε
−m � ε−d2md.

If ε < c0/2
d, then ( c0

2d

)m
� ε−d+m,

gives a contradiction for large m. Therefore Γε is abelian provided ε is small enough, and
since [Γ : Γε] <∞, the original group Γ is virtually abelian.

3.2 Quasi-Isometry

3.2.1 Definitions

Quasi-isometries formalize the idea that large-scale geometry is insensitive to bounded
distortion. They are the natural notion of equivalence in geometric group theory and will
connect algebraic properties of groups with the geometry of their Cayley graphs.

Definition 3.2.1. (X, d) , (Y, δ) are metric spaces and f : X → Y . Then

• f is called Lipschitz if there exists C such that δ (f(x), f(y)) ≤ Cd(x, y) for all
x, y ∈ X.

• f is called a bilipschitz embedding if there exists C such that

1

C
d(x, y) ≤ δ (f(x), f(y)) ≤ C · d(x, y).

• f is called a bilipschitz equivalence if f is bilipschitz and surjective. Equivalently,
f is Lipschitz, invertible, and f−1 is also Lipschitz.

Example 3.2.2. Γ finitely generated group, S, S ′ ⊂ Γ finite generating sets. Then (as
always):

dS(g, h) = lS(h−1g) = min{k ∈ N | h−1g = s1 . . . sk, si ∈ S}.
Claim: idΓ : (Γ, dS)→ (Γ, dS′) is a bilipschitz equivalence.

Since S ′ is finite, m := max{lS(s′) | s′ ∈ S ′} exists. Because of the triangle-inequality:
m · lS′(g) ≥ lS(g).

Cay (Γ, S) is also a metric space with the path metric d′S. The canonical map

(Γ, dS)→ (Cay (Γ, S) , d′S)

is a bilipschitz embedding with C = 1.
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Definition 3.2.3. Let f : (X, d)→ (Y, δ).

• f is a quasi-isometric embedding if there exist b, c > 0 such that

1

c
d(x, y)− b ≤ δ (f(x), f(y)) ≤ c · d(x, y) + b.

• f ′ : X → Y has finite distance to f if there exists C such that

δ (f(x), f ′(x)) ≤ C.

• f is called a quasi-isometry if f is a quasi-isometric embedding and Im f is C-dense
for some C. Equivalently, for all y ∈ Y there exists x ∈ X with δ (f(x), y) ≤ C.

• f is quasi-Lipschitz if there exist b, c > 0 such that

δ (f(x), f(y)) ≤ c · d(x, y) + b.

Proposition 3.2.4. (X, d) and (Y, δ) are metric spaces, f : X → Y . TFAE:

(i) f is quasi-isometry.

(ii) there exists g : Y → X such that f and g are quasi-Lipschitz and f ◦ g ∼ idY and
g ◦ f ∼ idX

Proof. 2. =⇒ 1. δ (f(x), f(y)) ≤ C · d (x, y) + b.
Let x, y ∈ X. g ◦ f ∼ idX =⇒ g is C-dense for some C. Thus there exist x′ ∈ Y and

y′ ∈ Y such that
d(x, g(x′)) ≤ C, d(y, g(y′)) ≤ C.

Thus

d(x, y) ≤ d (g(x′), g(y′)) + 2C

≤ C · δ (x′, y′) + b+ 2C

⇒ 1

C
d(x, y)− b+ 2C

C
≤ δ (x′, y′) .

We need to estimate δ (x′, f(x)) and δ (y′, f(y)). But

δ (x′, f (g (x′))) ≤ C,

so

δ (x′, f(x)) ≤ δ (x′, f (g (x′))) + δ (f (g (x′)) , f(x))

≤ C + C · d (g (x′) , x) + b ≤ C ′.

Thus
1

C
d (x, y)− C ′′ ≤ δ (f(x), f(y)) .

1. =⇒ 2. If f is a quasi-isometry and C-dense, define g : Y → X.

g(y) := x
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for some x ∈ X s.t. δ (f(x), y) ≤ C. (the image of f is C-dense in Y ).
f is quasi-Lipschitz. Now for g: Let y, y′ ∈ Y :

d (g(y), g(y′)) = d(x, x′)

for some x, x′ s.t. δ (f(x), y) ≤ C and δ (f(x′), y′) ≤ C.

1

C
d (x, x′)− b ≤ δ (f(x), f(x′))

since f is quasi-isometry. That means

d (g(y), g(y′)) ≤ d(x, x′) ≤ C · δ (f(x), f(x′)) + C · b
≤ C · d (y, y′) + C.

Thus, g is quasi-Lipschitz.
f ◦ g ∼ idY . By definition g(y) = x satisfies

δ (f(g(y)), y) = δ (f(x), y) ≤ C.

Now lastly g ◦ f ∼ idX . Let x ∈ X. Then g(f(x)) = x′ with d(f(x′), f(x)) ≤ C.

d (x, g(f(x))) = d(x, x′) ≤ C · d(f(x), f(x′)) + b · C ≤ C ′.

Proposition 3.2.5. Let G,H be finitely generated groups with word metrics and growth
functions γG,S, γH,T . If G and H are quasi-isometric, then γG,S ' γH,T .

Proof. Let f : G→ H be a (c, b)–quasi-isometry and let g : H → G be a quasi-inverse with
dG(g(f(x)), x) ≤ D and dH(f(g(y)), y) ≤ D. After composing f with a left translation
we may assume f(1) = 1. Then the coarse Lipschitz bounds give

f(BS(n)) ⊆ BT (cn+ b), g(BT (n)) ⊆ BS(cn+ b).

If g(y) = g(y′), then

dH(y, y′) ≤ dH (y, f(g(y))) + dH (f(g(y′)), y′) ≤ 2D,

using that f(g(y)) is withinD of y and similarly for y′. Hence each fiber of g has cardinality
at most M := |BT (2D)|. When we count |BT (n)| we can therefore bound

γH,T (n) = |BT (n)| ≤M · |{x ∈ G : g(f(x)) ∈ BT (n)}| ≤M · γG,S(cn+ b),

where the last inequality uses g(BT (n)) ⊆ BS(cn + b). Since cn + b ≤ (c + b)n for n ≥ 1
we arrive at

γH,T (n) ≤M γG,S((c+ b)n) (n ≥ 1).

Reversing the roles of f and g yields the reverse inequality with possibly different
constants M ′, c′, b′, so γG,S � γH,T and conversely γH,T � γG,S. Therefore γG,S ' γH,T .

Corollary 3.2.6. The groups Zd are not quasi-isometric for different d.

Proof. This follows directly from Example 3.1.6.
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3.2.2 Finite index and regular trees

Proposition 3.2.7. The 3–regular tree and the 6–regular tree are quasi-isometric.

Proof. Let T3 be the 3–regular tree and fix a base vertex o. Let V0 be the set of vertices
at even distance from o; this is an index-2 subset of the vertex set. Connect x, y ∈ V0 by
an edge if dT3(x, y) = 2 and call the resulting graph T0, the index-2 subtree obtained by
keeping even vertices. Each x ∈ V0 has 6 such neighbors, so T0 is a 6–regular tree. The
inclusion T0 → T3 is 2-Lipschitz and its image is 1-dense, hence it is a quasi-isometry.

See Figure 3.1 for a schematic picture.

3–regular tree

(truncated)
6–regular tree

from even vertices of T3

Figure 3.1: Left: a portion of the 3–regular tree. Right: the index-2 subtree on even
vertices of T3, with edges recording paths of length 2, yielding a 6–regular tree.

Proposition 3.2.8. Let G be finitely generated and let H ≤ G have finite index. Then
the inclusion H ↪→ G is a quasi-isometry.

Proof. Fix a finite generating set S of G and a transversal R ⊆ G for the right cosets
G/H. Write each g ∈ G uniquely as g = hr with h ∈ H, r ∈ R, and define p(g) := h.
Then dS(g, p(g)) = |r|S ≤ R0 where R0 := maxr∈R |r|S, so p is at bounded distance from
the inclusion.

Let T be a finite generating set for H and set

F := {rsr′−1 | r, r′ ∈ R, s ∈ S} ⊆ H.

The set F is finite, so L := maxf∈F |f |T is finite. If g = hr and gs = h′r′ with r, r′ ∈ R,
then h′ = h(rsr′−1), hence dT (p(gs), p(g)) ≤ L. Thus p is Lipschitz, and by the quasi-
inverse criterion the inclusion is a quasi-isometry.

Corollary 3.2.9. Any finitely generated group containing a nilpotent subgroup of finite
index has polynomial growth.

Proof. Let H ≤ G be nilpotent of finite index. By Proposition 3.2.8 the inclusion H ↪→ G
is a quasi-isometry, and Proposition 3.2.5 shows that quasi-isometric groups have equiv-
alent growth type. Since H is nilpotent it has polynomial growth by Proposition 3.1.10,
hence G does as well.

Corollary 3.2.10. All finitely generated free groups of rank at least 2 are quasi-isometric.

Proof. By the Nielsen–Schreier formula, an index d subgroup of Fn is free of rank 1 +
d(n− 1). Taking n = 2 shows that for every m ≥ 2 there is an index m− 1 subgroup of
F2 isomorphic to Fm. Apply Proposition 3.2.8.
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Example 3.2.11. • (Z2, dS) =QI (R2, dst). More generally, Zd and Zd′ are not quasi-
isometric for d 6= d′ by Proposition 3.2.5.

• The 3–regular and 6–regular trees are quasi-isometric by Proposition 3.2.7.

• Any two nonabelian finitely generated free groups are quasi-isometric by Corol-
lary 3.2.10.

• G =QI {∗} for G finite.

• Γ×H =QI Γ for H finite.

3.3 Gromov Hyperbolicity

3.3.1 Definitions

We now shift to large-scale geometry. The goal is to relate isoperimetric inequalities in a
combinatorial complex to hyperbolicity of its 1-skeleton, culminating in Papasoglu’s bigon
criterion. We will apply these notions to Cayley graphs as geodesic metric spaces.

Definition 3.3.1. Let x, y ∈ (X, d) and L = d(x, y). A geodesic from x to y is an
isometry

ϕ : [0, L]→ X, ϕ(0) = x, ϕ(L) = y.

Definition 3.3.2. Let δ > 0, x, y ∈ (X, d) and L = d(x, y) and ϕ : [0, L]→ X a geodesic.

Bδ := {z ∈ X | ∃λ ∈ [0, L] with d(z, ϕ(λ)) < δ}.

Definition 3.3.3. A metric space (X, d) is called δ-hyperbolic if and only if for all x, y, z ∈
X and geodesics ϕxy, ϕyz, ϕxz, the image of one of the geodesics is contained in the union
of δ-neighbourhoods of the other two geodesics. That means, triangles are δ-thin.

(X, d) is called (Gromov-)hyperbolic if and only if there exists δ such that it is δ-
hyperbolic.

Lemma 3.3.4. Gromov hyperbolicity is invariant under quasi-isometries between geodesic
metric spaces. In particular, if X and Y are geodesic metric spaces and X is quasi-
isometric to Y , then X is Gromov hyperbolic if and only if Y is.

Definition 3.3.5. A finitely generated group G is (word-)hyperbolic if, for some (equiv-
alently any) finite generating set S, the Cayley graph Cay(G,S) (viewed as a geodesic
metric space) is Gromov hyperbolic.

Example 3.3.6. (i) (X, d) bounded, i.e. supx,y d(x, y) ≤ C. Then (X, d) is C-hyperbolic.

(ii) Let (X, d) be a simplicial tree. Then X is easily seen to be 0-hyperbolic. In par-
ticular, Cayley graphs of free groups are regular trees (see Figure 3.1), hence free
groups of rank ≥ 2 are Gromov hyperbolic.

(iii) (Z2, d) where d is the Manhattan metric is not hyperbolic.
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Figure 3.2: The regular tiling {3, 7} of H2 (Wikipedia).

3.3.2 The (3, 7)-triangle complex

We begin with a concrete 2-complex whose local geometry enforces negative curvature.
This provides a clean model for the later isoperimetric argument.

Definition 3.3.7. Let X be a connected, 2-dimensional simplicial complex such that

(i) X is simply connected,

(ii) for every vertex x ∈ X(0) the link LkX(x) is a 7–cycle.

Let Γ := X(1) be the 1-skeleton with the graph metric (each edge has length 1).

Definition 3.3.8. Let γ be a simple closed edge loop in Γ (i.e. an embedded simplicial
cycle). Since X is planar, γ separates X into a bounded and an unbounded component.
Define Fill(γ) to be the (finite) subcomplex consisting of all triangles lying in the bounded
component, together with their faces. Then Fill(γ) is a finite triangulated topological disc
with boundary cycle γ. Write Area(γ) for the number of triangles in Fill(γ).

Remark 3.3.9. Local finiteness ensures Fill(γ) is finite for every simple loop γ. We will
only use fillings of simple loops, so no disc diagram formalism is needed.

Linear isoperimetric inequality. We now estimate the area of a filling by combinatorial
Euler characteristic and boundary length. Fix a simple closed edge loop γ of length
L := |γ| and set R := Fill(γ). Let

F = #{triangles of R}, E = #{edges of R}, V = #{vertices of R}.

Let Vint be the number of vertices of R not lying on the boundary cycle ∂R = γ. Since γ
is a simplicial cycle with L edges, it has L boundary vertices.

Lemma 3.3.10. For R = Fill(γ) one has

F = 2Vint + L− 2.
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Proof. Let E∂ = L be the number of boundary edges and let Eint = E − E∂. Counting
triangle edges gives

3F = 2Eint + E∂ = 2(E − L) + L = 2E − L,

hence E = (3F +L)/2. Euler’s formula for a disc is V −E +F = 1, and V = Vint +L, so

(Vint + L)− 3F + L

2
+ F = 1,

which rearranges to F = 2Vint + L− 2.

For a vertex v ∈ R(0) let t(v) be the number of triangles of R incident to v. Then
3F =

∑
v∈R(0) t(v) because each triangle has three corners.

Lemma 3.3.11. One has ∑
v∈R(0)

t(v) ≥ 7Vint + L.

Proof. If v is an interior vertex of R, then every triangle incident to v in X lies in R;
otherwise an outside triangle would share an edge with a triangle in R, forcing that edge
(and hence v) to lie on the boundary of R. Thus t(v) = 7 for every interior vertex.

If v is a boundary vertex, then it is an endpoint of a boundary edge, and every
boundary edge lies in exactly one triangle of R. Hence each boundary vertex belongs to
at least one triangle, i.e. t(v) ≥ 1. There are L boundary vertices.

Theorem 3.3.12. In a planar (3, 7) triangle tiling, every simple closed edge loop γ of
length L satisfies

Area(γ) ≤ 5L− 14,

and in particular Area(γ) ≤ 5L for all L ≥ 1.

Proof. By the corner bound, 3F =
∑
t(v) ≥ 7Vint +L. Using F = 2Vint +L−2, we obtain

3(2Vint + L− 2) ≥ 7Vint + L,

hence Vint ≤ 2L− 6, and therefore

F = 2Vint + L− 2 ≤ 2(2L− 6) + L− 2 = 5L− 14.

Remark 3.3.13. Any closed edge loop in Γ can be reduced by canceling backtracks and then
decomposed into a union of simple loops. Applying Theorem 3.3.12 to each component
shows that Γ satisfies a linear isoperimetric inequality for arbitrary null-homotopic loops,
with the same constant K = 5.

We will see in the next section that a linear isoperimetric inequality implies Gromov
hyperbolicity. Let’s record the following two corollaries already here:

Corollary 3.3.14. In a planar (3, 7) triangle tiling one may take K = 5 and M = 3
(maximum face length) in Proposition 3.3.26, hence every geodesic bigon has width ≤ 386.

Proof. The linear isoperimetric inequality holds with K = 5, and each face is a triangle
so M = 3. Apply Proposition 3.3.26.

Corollary 3.3.15. The 1-skeleton Γ of a planar (3, 7) triangle tiling is Gromov hyperbolic.

Proof. By the previous corollary all geodesic bigons are uniformly thin. Apply Theo-
rem 3.3.27.
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3.3.3 The (2, 3, 7) triangle group

Definition 3.3.16. The (2, 3, 7) triangle group is the orientation-preserving subgroup of
index 2 in the Coxeter reflection group

[2, 3, 7] =
〈
s0, s1, s2

∣∣∣ s2
i = 1, (s0s1)2 = (s1s2)3 = (s2s0)7 = 1

〉
,

generated by a = s0s1 and b = s1s2 with presentation

∆(2, 3, 7) = 〈a, b | a2 = b3 = (ab)7 = 1〉.

The reflections s0, s1, s2 arise from a hyperbolic triangle with angles π/2, π/3, π/7,
and the group acts on the regular tiling {3, 7} of H2 by symmetries (see Figure 3.2). Its
barycentric subdivision gives the (3, 7)-triangle complex from Section 3.3.2, and the dual
graph of that subdivision is the Cayley graph of [2, 3, 7] with generators {s0, s1, s2}. In
particular ∆(2, 3, 7) is quasi-isometric to the (3, 7)-triangle complex and H2.

3.3.4 Hyperbolic groups and Dehn presentations

Definition 3.3.17. Let 〈S|R〉 be a finite presentation and let Area(w) be the minimal
number of 2-cells in a van Kampen diagram for a null word w. The presentation satisfies
a linear isoperimetric inequality if there exists K ≥ 1 such that Area(w) ≤ K|w| for all
null words w.

Definition 3.3.18. A finite presentation 〈S|R〉 is called Dehn if every non-trivial freely
reduced null word contains a subword that is more than half of some cyclic conjugate of
a relator in R±1.

Proposition 3.3.19. A finite presentation is Dehn if and only if the usual Dehn algorithm
(replace a subword longer than half of a defining relator by the complementary shorter
piece and then freely reduce) reduces every null word to the empty word. In that case the
algorithm runs in linear time.

Proof. If the presentation is Dehn and w is a non-trivial null word, then w contains such
a subword u. Replacing u by the complementary shorter piece strictly reduces length,
so by induction on |w| the algorithm terminates at the empty word. Each step shortens
the word, so the running time is O(|w|). Conversely, if the algorithm always reduces null
words to the empty word, then any non-trivial null word must admit a Dehn reduction
at the first step; otherwise the algorithm would halt on a non-trivial word. Hence the
presentation is Dehn.

Corollary 3.3.20. A Dehn presentation satisfies a linear isoperimetric inequality.

Proof. Each Dehn reduction replaces a subword by a complementary piece coming from
a relator, so one 2-cell accounts for each step. Since each step strictly shortens the word,
the number of steps is at most |w|, hence Area(w) ≤ |w|.

Definition 3.3.21. A geodesic bigon in a graph Γ is a pair of geodesics p, q with the same
endpoints. Its width is

width(p, q) := max
v∈p

distΓ(v, q).

We call the bigon δ–thin if width(p, q) ≤ δ.
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Let 〈S|R〉 be a finite presentation and set

M := max{|r| : r ∈ R}.

Assume a linear isoperimetric inequality:

(LI) There exists K ≥ 1 such that for every null word w one has Area(w) ≤ K|w|.

Lemma 3.3.22. Let (p, q) be a geodesic bigon in Γ with common endpoints. Set

R := max
v∈p

distΓ(v, q), m := bR/2c.

Choose u ∈ p with distΓ(u, q) = R. Then there exists a geodesic subpath L ⊂ p of length
|L| = m such that

distΓ(v, q) ≥ m for every vertex v ∈ L.

Moreover, if a, b are the endpoints of L, then

m ≤ distΓ(a, q) ≤ R and m ≤ distΓ(b, q) ≤ R.

Proof. Along a graph geodesic, the function f(v) := distΓ(v, q) is 1-Lipschitz. Fix u ∈ p
with f(u) = R. Since p has endpoints on q, we have f = 0 at both endpoints of p, hence
p has length at least R. Thus at least one of the two subpaths of p starting at u and
going to an endpoint has length ≥ m. Let L be the subpath of length m starting at u
and going in that direction.

Every vertex v on L satisfies distp(u, v) ≤ m, hence by the 1-Lipschitz property

f(v) ≥ f(u)− distp(u, v) ≥ R−m ≥ m.

The endpoint bounds follow from f(v) ≥ m on L and f(v) ≤ R on all of p.

Fix L ⊂ p as above with endpoints a, b. Choose geodesics α, β in Γ of length m from
a and b to q; let their endpoints on q be a′, b′. Let σ be the subpath of q between a′ and
b′. Since q is geodesic,

|σ| = distΓ(a′, b′) ≤ |α|+ |L|+ |β| = 3m. (3.1)

Let
η := L · β · σ−1 · α−1.

Then η is a null-homotopic loop of length |η| ≤ 6m. Let D be a reduced van Kampen
diagram for η. Inside D we consider combinatorial parallels to the side L.

Let LD ⊂ ∂D be the boundary segment corresponding to L. For a vertex v ∈ D(0)

define
d(v) := distD(1)(v, LD).

For t ≥ 0, let St be the full subcomplex spanned by {v ∈ D(0) : d(v) ≤ t}, the combina-
torial t–neighbourhood of LD inside D.

Lemma 3.3.23. Every vertex of the boundary segment σ ⊂ ∂D satisfies d(·) ≥ m.
Equivalently, St ∩ σ = ∅ for all t < m.
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Proof. For any x ∈ σ and any y ∈ LD, every path in D(1) from y to x maps to a path in
the Cayley graph, so

distD(1)(y, x) ≥ distΓ(y, x) ≥ distΓ(y, q) ≥ m,

since x ∈ σ ⊂ q and every y ∈ L satisfies distΓ(y, q) ≥ m. Thus d(x) = distD(1)(x, LD) ≥
m.

Lemma 3.3.24. For each integer t ∈ {0, 1, . . . , bm/2c} there exists an edge path `t ⊂ D(1)

such that

(i) `t connects the t–th vertex on the α–side (measured from L) to the t–th vertex on
the β–side,

(ii) every vertex on `t satisfies d = t,

(iii) for different t the paths `t are edge–disjoint,

(iv) |`t| ≥ m− 2t.

Proof. Fix t < m. By the previous lemma, the neighbourhood St does not meet σ. Thus
St is a connected subcomplex containing LD, and its boundary inside the disc D has an
inner boundary component separating LD from σ. This inner boundary necessarily meets
both sides α and β, and contains a path connecting them; call it `t. By construction, `t
lies in the level set d = t, giving (i) and (ii).

If t 6= t′, then d takes different values, so the level sets are disjoint; hence no edge can
lie in both `t and `t′ . This gives (iii).

For (iv), suppose |`t| < m− 2t. Then there is a path from a to b inside D(1) of length

t+ |`t|+ t < t+ (m− 2t) + t = m,

obtained by going t steps along α from a to `t, then along `t, then t steps back along β
to b. This yields a path in Γ from a to b shorter than m, contradicting that L ⊂ p is a
geodesic segment of length m.

Lemma 3.3.25. Let D be as above. Then

Area(η) ≥ m2

2M
− 6m

M
.

Proof. Let E(D) be the number of edges and F (D) the number of 2-cells of D. By the
previous lemma, the paths `t are edge–disjoint, so

E(D) ≥
bm/2c∑
t=0

|`t| ≥
bm/2c∑
t=0

(m− 2t) ≥ m2

4
.

The sum of the perimeters of all 2-cells is at most MF (D) and equals 2Eint(D)+P , where
P := |∂D| = |η|. Hence

MF (D) ≥ 2Eint(D) + P = 2E(D)− P,

so F (D) ≥ (2E(D)− P )/M . Using E(D) ≥ m2/4 and P = |η| ≤ 6m gives

F (D) ≥ m2

2M
− 6m

M
.
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Proposition 3.3.26. Assume (LI) with constant K. Then every geodesic bigon (p, q) in
Γ is uniformly thin:

width(p, q) ≤ 24KM + 26.

Proof. Let (p, q) be a geodesic bigon and let R = width(p, q). If R ≤ 2 we are done.
Otherwise let m = bR/2c ≥ 1 and build the loop η as above. Then |η| ≤ 6m and
Area(η) ≥ m2

2M
− 6m

M
.

By (LI), Area(η) ≤ K|η| ≤ 6Km. Hence

m2

2M
− 6m

M
≤ 6Km =⇒ m ≤ 12KM + 12.

Since m = bR/2c, we have R ≤ 2m+ 2 ≤ 24KM + 26.

Theorem 3.3.27 (Papasoglu). Let Γ be a geodesic metric graph. Then the following are
equivalent:

(i) Γ is Gromov hyperbolic (uniformly thin geodesic triangles),

(ii) there exists δ ≥ 0 such that every geodesic bigon in Γ has width at most δ.

Proof. See [41].

Corollary 3.3.28. If a finitely presented group admits a linear isoperimetric inequality,
then its Cayley graph is Gromov hyperbolic.

Proof. Apply Proposition 3.3.26 and then Theorem 3.3.27.

Definition 3.3.29. A path is called k–local geodesic if every subpath of length at most
k is geodesic.

Lemma 3.3.30. Let Γ be δ–hyperbolic and let k > 8δ. Then any k–local geodesic is a
(2, 4δ)–quasi-geodesic. In particular, any closed k–local geodesic has length at most 4δ+k.

Proof. Let γ be a k–local geodesic and let x, y be points on γ with subpath length L.
If L ≤ k then d(x, y) = L. Otherwise subdivide the subpath into segments of length
in [k/2, k]. Each segment is geodesic, and δ–thinness of geodesic polygons shows that
consecutive segments can backtrack by at most 2δ. Summing gives d(x, y) ≥ L/2 − 2δ,
hence L ≤ 2d(x, y) + 4δ. If γ is closed, take x = y to obtain L ≤ 4δ, and combine with
the case L ≤ k to get the stated bound.

Definition 3.3.31. Let G be generated by a finite set S and let L ∈ N. The short-loop
presentation of length L is

〈S | RL〉, RL := {w ∈ FS | |w|S ≤ L, w = 1 in G}.

Theorem 3.3.32. Let G be δ–hyperbolic with respect to a finite generating set S. Then
there exists L = L(δ, S) such that the short-loop presentation 〈S | RL〉 is Dehn. Con-
sequently, G admits a linear isoperimetric inequality (for this presentation) and Dehn’s
algorithm runs in linear time.
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Proof. Choose k > 8δ and set L = 2k. Since there are finitely many words of length ≤ L,
the presentation is finite. Let w be a freely reduced null word. If |w| ≤ L, then w ∈ RL.
If |w| > L, then the loop labeled by w cannot be k–local geodesic by Lemma 3.3.30, since
any closed k–local geodesic has length < 2k. Hence w contains a subword u of length k
that is not geodesic. Let v be a geodesic word between the endpoints of u, so |v| < k.
Then r := uv−1 is a relator in RL and u is more than half of r. Thus the presentation is
Dehn. The final statement follows from Proposition 3.3.19 and Corollary 3.3.20.

Remark 3.3.33. Linear isoperimetry depends on the chosen presentation. It does not force
the original relators to form a Dehn presentation, so the naive Dehn algorithm can fail for
a given presentation. The short-loop presentation above shows that once one adds all null
words of length ≤ L, one obtains a Dehn presentation and hence a correct, linear-time
Dehn algorithm.



Chapter 4

Amenability

Amenability can be approached via Følner sets, invariant means, and paradoxical decom-
positions. We present these equivalent viewpoints and give the contrapositive construction
using Philip Hall’s marriage lemma.

4.1 Amenability and Tarski’s alternative

4.1.1 Følner condition

The Følner condition captures the idea that finite subsets can have arbitrarily small
boundary relative to their size.

Definition 4.1.1. Let G be a discrete group. For a finite set S ⊆ G and ε > 0, a finite
nonempty set F ⊆ G is called (S, ε)-Følner if

|SF4F |
|F |

≤ ε.

Equivalently, for fixed finite S one may require

|SF | ≤ (1 + ε)|F |.

The group G is called amenable if for every finite S ⊆ G and every ε > 0 there exists a
(S, ε)-Følner set F .

Lemma 4.1.2. Let G = 〈Σ〉 be finitely generated with Σ finite. Assume that for every
ε > 0 there exists a finite nonempty F ⊆ G with

|ΣF4F |
|F |

≤ ε.

Then G satisfies the Følner condition for every finite set S ⊆ G.

Proof. Fix a finite S ⊆ G. Choose m ∈ N with S ⊆ Σm. Write ∂T (F ) := TF \ F for the
(right) boundary with respect to a finite set T . One checks

∂Σm(F ) ⊆
m−1⋃
k=0

Σk ∂Σ(F ),

49
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hence

|∂Σm(F )| ≤
(m−1∑
k=0

|Σ|k
)
|∂Σ(F )|.

Choosing F with |∂Σ(F )|/|F | sufficiently small forces |∂Σm(F )|/|F | small, and thus also

|SF4F |
|F |

≤ |Σ
mF4F |
|F |

.

Example 4.1.3. • Every finite group is amenable: take F = G.

• G = Zn is amenable: for FN = [−N,N ]n∩Zn one has |ΣFN4FN |/|FN | → 0 for any
finite generating set Σ.

• Free groups Fk for k ≥ 2 are not amenable: their Cayley graphs are regular trees
with positive isoperimetric constant.

4.1.2 Tarski alternative

Definition 4.1.4. Let G be a group. A paradoxical decomposition of G consists of finite
families of pairwise disjoint subsets

A1, . . . , Am, B1, . . . , Bn ⊆ G

and group elements g1, . . . , gm, h1, . . . , hn ∈ G such that

G =
m⊔
i=1

Ai t
n⊔
j=1

Bj, G =
m⊔
i=1

giAi, G =
n⊔
j=1

hjBj.

If such a decomposition exists, we say that G is paradoxical.

Definition 4.1.5. A mean on `∞(G) is a linear functional m : `∞(G) → R such that
m(f) ≥ 0 if f ≥ 0 pointwise and m(1) = 1. It is left invariant if m(g · f) = m(f) where
(g · f)(x) = f(g−1x).

Definition 4.1.6. A finitely additive probability measure is a map µ : P(G) → [0, 1]
with µ(G) = 1 and µ(A t B) = µ(A) + µ(B) for disjoint A,B. It is left invariant if
µ(gA) = µ(A).

Theorem 4.1.7 (Tarski). For a discrete group G the following are equivalent:

(i) G is amenable (Følner condition).

(ii) There exists a left G-invariant mean on `∞(G).

(iii) There exists a left G-invariant finitely additive probability measure on P(G).

(iv) G is not paradoxical.

Proof. Assume (1). For a finite Følner set F define mF (f) = 1
|F |
∑

x∈F f(x). Taking a

weak-∗ accumulation point along a Følner net yields a left invariant mean, giving (2).
Given (2), define µ(A) := m(1A) to obtain (3). If (3) held and G were paradoxical, finite
additivity and invariance would force 1 = µ(G) = 2, a contradiction, so (3) implies (4).
The implication 4⇒ 1 is proved in the next subsection.
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See [42, 52] for detailed proofs and further equivalent formulations.

Remark 4.1.8. There exists a linear functional α : `∞(N)→ R such that

α(f) ∈ [lim inf
n→∞

f(n), lim sup
n→∞

f(n)].

This follows from Hahn–Banach by extending the limit functional on convergent bounded
sequences.

4.1.3 Hall’s marriage lemma and the contrapositive 4⇒ 1

Definition 4.1.9. A bipartite graph Γ = (X t Y,E) is locally finite if every vertex has
finite degree. For W ⊆ X we denote by N(W ) ⊆ Y its neighborhood.

Lemma 4.1.10 (P. Hall). Let Γ = (X t Y,E) be a finite bipartite graph. Then there
exists a matching saturating all vertices in X if and only if for every subset W ⊆ X one
has

|N(W )| ≥ |W |.
Proof. Necessity. If M is an X-saturating matching and W ⊆ X, then each x ∈ W is
matched to a distinct vertex of Y adjacent to x. Hence |N(W )| ≥ |W |.

Sufficiency. We prove the contrapositive in the standard alternating-paths form. As-
sume there is no X-saturating matching, and let M be a matching of maximum size.
Choose an unmatched vertex u ∈ X. Consider all M -alternating paths starting at u (i.e.
paths whose edges alternately lie outside M and inside M). Let W ⊆ X be the set of
vertices of X that occur on these paths (including u), and let Z ⊆ Y be the set of vertices
of Y that occur on these paths.

Every vertex z ∈ Z must be matched by M to some vertex in W ; otherwise an
alternating path would end at an unmatched vertex of Y , and flipping membership of edges
along that path would augment M , contradicting maximality. Therefore |W | ≥ |Z| + 1,
where the extra 1 accounts for the unmatched vertex u ∈ W .

On the other hand, every neighbor of any v ∈ W lies in Z: if w is a neighbor of v, then
either vw ∈ M and removing that matched edge from an alternating path to v yields an
alternating path to w, or vw /∈ M and adding vw to an alternating path to v yields an
alternating path to w. Hence Z = N(W ), and thus |W | ≥ |N(W )|+1, so Hall’s condition
is violated.

Lemma 4.1.11 (M. Hall Jr.). Let Γ = (X t Y,E) be a bipartite graph such that every
vertex in X has finite degree. Assume that for every finite subset W ⊆ X one has

|N(W )| ≥ |W |.

Then Γ admits a matching saturating all vertices of X.

Proof. This is a compactness argument.

Lemma 4.1.12 (Schröder–Bernstein). If there exist injections f : X → Y and g : Y →
X, then there exists a bijection h : X → Y .

Corollary 4.1.13. Let Γ = (X tY,E) be a locally finite bipartite graph. Assume that for
every finite W ⊆ X and every finite Z ⊆ Y one has

|N(W )| ≥ |W | and |N(Z)| ≥ |Z|,

where N(W ) ⊆ Y and N(Z) ⊆ X are neighborhoods. Then there exists a bijection
ψ : X → Y with (x, ψ(x)) ∈ E for all x ∈ X.
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Proof. By Lemma 4.1.11 there is an injection f : X → Y with f(x) ∈ N(x) for all x ∈ X.
Applying the same lemma to the opposite bipartite graph yields an injection g : Y → X
with g(y) adjacent to y. By Lemma 4.1.12 there exists a bijection ψ : X → Y . In the
standard Schröder–Bernstein construction, ψ agrees with f on a subset of X and with
g−1 on the complement, so every pair (x, ψ(x)) is an edge of Γ.

Proof of Theorem 4.1.7 (4⇒ 1). Assume G is not amenable. Then there exist a finite
S ⊆ G and δ > 0 such that

|SF | ≥ (1 + δ)|F | for all finite F ⊆ G.

Enlarging S if necessary, we may assume 1 ∈ S. Choose n ∈ N with (1 + δ)n ≥ 2 and set
T := Sn. Then

|TF | ≥ 2|F | for all finite F ⊆ G.

Let X := G× {1, 2} and Y := G. Join (g, i) ∈ X to y ∈ Y if y = tg for some t ∈ T . This

graph is locally finite because both T and {1, 2} are finite.
For a finite A ⊆ X, write A = (A1 × {1}) t (A2 × {2}) with A1, A2 ⊆ G finite. Then

N(A) = TA1 ∪ TA2 = T (A1 ∪ A2),

so
|N(A)| = |T (A1 ∪ A2)| ≥ 2|A1 ∪ A2| ≥ |A1|+ |A2| = |A|.

For a finite Z ⊆ Y one has
N(Z) = T−1Z × {1, 2},

so |N(Z)| = 2|T−1Z| ≥ 2|Z| ≥ |Z| since 1 ∈ T . By Corollary 4.1.13, there exists a
bijection ψ : X → Y with (x, ψ(x)) ∈ E for all x. Let θ := ψ−1 : Y → X. For i ∈ {1, 2}

and t ∈ T define
A

(i)
t := {g ∈ G : θ(g) = (t−1g, i)}.

These sets are pairwise disjoint and
⊔2
i=1

⊔
t∈T A

(i)
t = G. Moreover, for each i the sets

t−1A
(i)
t are disjoint and

G =
⊔
t∈T

t−1A
(i)
t ,

because θ is bijective onto X and hence hits every (h, i) ∈ G×{i}. This gives a paradoxical
decomposition of G with translators in T−1. Thus ¬(1) ⇒ ¬(4), hence 4 ⇒ 1. This
completes the proof of Theorem 4.1.7.

4.1.4 Inheritance properties

Amenability is stable under subgroups, quotients, extensions, and directed unions.

Proposition 4.1.14. If H ≤ G and G is amenable, then H is amenable.

Proof. Let S ⊆ H be finite and ε > 0. Choose a finite (S, ε)-Følner set F ⊆ G. Decompose
F into left cosets of H:

F =
m⊔
i=1

Fi, Fi := F ∩Hgi.
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Since S ⊆ H, each SFi ⊆ Hgi, and hence

|SF4F | =
m∑
i=1

|SFi4Fi|.

Thus for some i one has |SFi4Fi| ≤ ε|Fi|. Then Fig
−1
i ⊆ H is (S, ε)-Følner in H.

Remark 4.1.15. The original problem of von Neumann asked whether non-amenability is
characterized by the existence of a subgroup isomorphic to F2:

G amenable ⇐⇒ F2 6≤ G.

Adyan showed this is false. Day also asked whether every amenable group is elementary
amenable, and Grigorchuk’s group of intermediate growth gives a negative answer; see
[9, 18]. These two questions are often grouped together under the name Day–von Neumann
problems.

Proposition 4.1.16. If G =
⋃
i∈I Gi is a directed union of amenable subgroups, then G

is amenable.

Proof. Let S ⊆ G be finite and ε > 0. Choose i ∈ I with S ⊆ Gi. Since Gi is amenable,
there is a finite (S, ε)-Følner set F ⊆ Gi ⊆ G.

Proposition 4.1.17. Consider a short exact sequence

1 −→ N −→ G
π−→ Q −→ 1.

Then G is amenable if and only if both N and Q are amenable.

Proof. If G is amenable, then N is amenable by Proposition 4.1.14. To see that Q is
amenable, let m be a left G-invariant mean on `∞(G). For f ∈ `∞(Q) define mQ(f) :=
m(f ◦ π). If q ∈ Q and g ∈ G with π(g) = q, then (q · f) ◦ π = g · (f ◦ π), so mQ is
Q-invariant.

Conversely, assume N and Q are amenable. Let mN and mQ be left invariant means
on `∞(N) and `∞(Q). For f ∈ `∞(G) define

f(q) := mN

(
n 7→ f(gn)

)
, q = π(g).

If g′ = gn0 with n0 ∈ N , then mN(n 7→ f(g′n)) = mN(n 7→ f(gn)) by left invariance of
mN , so f is well-defined. Set mG(f) := mQ(f). For h ∈ G and q = π(g) we have

(h · f)(q) = mN

(
n 7→ f(h−1gn)

)
= f(π(h)−1q),

so (h · f) = π(h) · f . Hence mG(h · f) = mQ(π(h) · f) = mQ(f). Thus mG is a left
G-invariant mean, and G is amenable.

Definition 4.1.18. Let P be a group property (for example abelian, nilpotent, or solv-
able). A group G is called virtually P if it contains a finite-index subgroup that satisfies
P .

Proposition 4.1.19. Every solvable group is amenable.

Proof. Every finitely generated abelian group is amenable (finite groups and Zn are
amenable), and any abelian group is a directed union of finitely generated subgroups,
hence amenable by Proposition 4.1.16. If G is solvable of derived length d, then G(1) is
solvable of length d− 1 and G/G(1) is abelian. By induction and Proposition 4.1.17, G is
amenable.
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4.2 Elementary amenable groups

4.2.1 Definition and basic examples

Definition 4.2.1. The class of elementary amenable groups, denoted EG, is the smallest
class of groups that contains all finite and all countable abelian groups and is closed under
taking subgroups, quotients, extensions, and countable directed unions.

Elementary amenable groups are built from the most basic amenable groups using
the standard permanence operations. This makes EG a tractable subclass of amenable
groups, and the next subsection organizes these closure steps via a transfinite hierarchy.
Later we will see that EG enjoys a strong growth dichotomy.

Theorem 4.2.2 (Day). Every solvable group is elementary amenable. In particular, every
nilpotent group is elementary amenable.

Proof. If G is solvable, then the derived series has abelian quotients, so G is built by
successive extensions of abelian groups. Hence G ∈ EG. A nilpotent group is solvable, so
it lies in EG as well.

4.2.2 Transfinite construction

Before describing the transfinite hierarchy of elementary amenable groups we recall the
ordinal arithmetic that underlies the induction. Recall that a totally ordered set is called
well-ordered if every subset has a minimal element. Ordinals are well-ordered sets up
to isomorphism, i.e., they encode the order type of every well-ordering. Each ordinal is
either a successor α+1, obtained by adjoining a maximum to a previous ordinal, or a limit
ordinal, which is the union of all smaller ordinals. It is a basic fact that for all ordinals
α, β, either α is a beginning of β or vice versa. The smallest limit ordinal is ω, the order
type of the natural numbers. Every ordinal smaller than ω1, the first uncountable ordinal,
is countable, so examples we meet inside this text include ω itself, finite successors like
ω + 1, and ordinal arithmetic combinations such as ω · 2 or ω2, as well as more exotic
countable ordinals like ε0.

Let EG0 be the class of countable finite and abelian groups. For an ordinal α, define
EGα by

EGα =
⋃
β<α

EGβ if α is a limit ordinal,

and if α is a successor, let EGα be the class of groups obtained from EGα−1 by a single
step of taking a countable directed union or an extension by a finite or abelian group. The
construction rank of G ∈ EG is the least α with G ∈ EGα; it is always 0 or a successor
ordinal.

Lemma 4.2.3. For every ordinal α, the class EGα is closed under subgroups and quo-
tients.

Proof. Argue by transfinite induction. The case α = 0 is clear. For a limit ordinal, the
claim follows from the induction hypothesis. If α is a successor and G ∈ EGα, then G
is either a directed union of groups in EGα−1 or an extension of a group in EGα−1 by a
finite or abelian group. Subgroups and quotients of G are then built from subgroups and
quotients in EGα−1, hence lie in EGα.
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Theorem 4.2.4 (Chou). The class EG is the smallest class of groups containing all finite
and abelian groups and closed under countable directed unions and extensions by finite or
countable abelian groups, in fact we have

EG =
⋃
α<ω1

EGα.

Proof. Let C =
⋃
α<ω1

EGα. By construction C is closed under directed unions and exten-
sions by finite or abelian groups, and by Lemma 4.2.3 it is closed under subgroups and
quotients. It remains to be shown that C is closed under arbitrary extensions and count-
able directed unions. We denote by EGα,β the class of extensions of groups in EGα by
groups in EGβ. By construction EGα,0 ⊂ EGα+1 ⊆ C for all α. A straigtforward induction
argument shows that EGα,β ⊆ Eα+β+1 ⊆ C for all ordinals α, β. Let G be a group that
is a countable directed union of groups in C, say G = ∪i∈IGi with Gi ∈ EGαi . Since I is
countable α := supi αi < ω1 and hence Gi ∈ EGα for all i ∈ I and thus G ∈ EGα+1. This
finally implies EG ⊆ C by definition of EG, while C ⊆ EG by definition of the transfinite
construction.

For G ∈ EG we write rk(G) for its construction rank:

rk(G) = min{α : G ∈ EGα}.

It is clear from the definition that rk(G) is always a countable ordinal. Moreover, every
countable ordinal arises as the construction rank of some elementary amenable group, see
[6].

4.2.3 First applications

Proposition 4.2.5. Every finitely generated simple elementary amenable group is finite.

Proof. Let G be finitely generated and simple, and let α be minimal with G ∈ EGα.
Then α is not a limit ordinal. If α > 0, the construction of EGα writes G as a directed
union of groups in EGα−1, so finite generation forces G to lie in one of them, contradicting
minimality. Hence α = 0 and G is finite.

Theorem 4.2.6 (Chou). Every torsion elementary amenable group is locally finite.

Proof. Proceed by transfinite induction on the construction rank. If G ∈ EGα with α a
limit ordinal, then G ∈ EGβ for some β < α and the result follows by induction. If α is
a successor, then G is either a directed union of groups in EGα−1 or an extension

1 −→ K −→ G −→ F −→ 1

with K ∈ EGα−1 and F finite or abelian. In the union case, every finitely generated
subgroup of G lies in some EGα−1 and is finite by the induction hypothesis. In the
extension case, a finitely generated subgroup H ≤ G maps to a finite subgroup of F , so
H ∩K has finite index in H; since H ∩K is finite by induction, H is finite. Thus G is
locally finite.
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4.2.4 Growth dichotomy

We use the growth terminology from Definition 3.1.5. For a finitely generated group G
we write γG for its growth function.

We first establish a growth dichotomy for elementary amenable groups in Theo-
rem 4.2.7. The lemmas below provide the kernel and linear-algebra inputs for that argu-
ment, and Milnor–Wolf will then follow as a corollary.

Theorem 4.2.7 (Chou). Every elementary amenable group has either polynomial or ex-
ponential growth. Moreover, if it has polynomial growth, then it is virtually nilpotent.

The proof is by induction on construction rank, reducing to abelian extensions. The
key steps are Milnor’s lemma on finite generation of kernels in subexponential growth and
Tits’s criterion for virtual nilpotence.

The following more classical theorem of Milnor–Wolf is a direct consequence:

Theorem 4.2.8 (Milnor–Wolf). Every solvable group has either polynomial or exponential
growth. Moreover, if it has polynomial growth, then it is virtually nilpotent.

Proof of Theorem 4.2.8. By Theorem 4.2.2, solvable groups are elementary amenable.
The dichotomy therefore follows from Theorem 4.2.7. See [37, 55] for the original proofs.

Let’s provide the necessary tools in the following lemmas.

Lemma 4.2.9 (Tits). Let g ∈ GLn(Z).

(i) If g is semisimple and all eigenvalues have absolute value 1, then g has finite order.

(ii) If g has an eigenvalue with absolute value at least 2, then there exists a ∈ Zn such
that for each m ≥ 0 the elements

m∑
i=0

εig
i(a), εi ∈ {0, 1},

are pairwise distinct.

Proof. We give two proofs, one geometric and one algebraic. Geometric proof: Over C
one may diagonalize g. Since all eigenvalues have modulus 1, g acts by isometries for some
norm, so orbits in Cn are bounded. The orbit of any v ∈ Zn is then a bounded discrete
set, hence finite. Thus g has finite order.

Algebraic proof: The eigenvalues of g are algebraic integers, since they are roots of
the monic characteristic polynomial with coefficients in Z. Any Galois conjugate of an
eigenvalue is again an eigenvalue, so all conjugates have modulus 1. By Kronecker’s
theorem (Theorem A.2.5) each eigenvalue is a root of unity. Since g is semisimple, it
is diagonalizable over C with diagonal entries roots of unity. If N is the least common
multiple of their orders, then gN = id, so g has finite order.

(2) Let λ be an eigenvalue with |λ| ≥ 2. Take a non-zero Jordan block for λ with basis
e1, . . . , ek such that g(e1) = λe1 and g(ei) = λei + ei−1 for i > 1. Let γ : Cn → C read off
the coefficient of ek. Then γ ◦ g = λ γ, so γ(gi(v)) = λiγ(v) for every v. Choose a ∈ Zn
with γ(a) 6= 0. Using γ(gi(a)) = λiγ(a) we obtain

γ

(
m∑
i=0

εig
i(a)

)
=

(
m∑
i=0

εiλ
i

)
γ(a).
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Distinct binary choices of (εi)
m
i=1 give distinct sums because |λ| ≥ 2, hence the elements

are distinct.

Lemma 4.2.10. Let g ∈ GLn(Z). Then either g is semisimple or there exists a non-trivial
g-invariant subgroup A � Zn of smaller rank.

Proof. If g is not semisimple, let λ1, . . . , λm be its distinct eigenvalues and set

p(x) :=
m∏
i=1

(x− λi), h := p(g).

Each λi is an algebraic integer. The coefficients of p are elementary symmetric polynomials
in the λi, hence algebraic integers that also lie in Q; by Proposition A.2.4 they are integers,
so p ∈ Z[x] and h is an integer matrix that commutes with g.

In Jordan normal form over C, p vanishes on the eigenvalues and has simple roots. On
a Jordan block J = λI + N with N 6= 0 we have p(J) = p′(λ)N + (higher powers of N),
so p(J) is nilpotent and non-zero whenever the block size exceeds 1. Thus h is nilpotent
and non-zero, because g is not semisimple, some block has size > 1. Set A := kerh ≤ Zn.
Since h commutes with g, A is g-invariant. Nilpotency of h forces kerh 6= {0}, while
non-zeroness of h guarantees kerh � Zn of smaller rank.

Lemma 4.2.11 (Milnor). Let 1 → K → G
ψ−→ A → 0 be exact with G finitely generated

and A abelian. If G has subexponential growth, then K is finitely generated. In particular,
[G,G] is finitely generated for every group G of subexponential growth.

Proof. We follow [37]. By induction on the free rank of A it suffices to treat A = Z.
Choose g ∈ G with ψ(g) = 1 and elements e1, . . . , en ∈ K such that G = 〈g, e1, . . . , en〉.
For m ∈ Z set

gm,i := gmeig
−m.

We claim that K = 〈gm,i | m ∈ Z, 1 ≤ i ≤ n〉. Indeed, write k ∈ K as a word in g±1

and e±1
i and induct on word length, pushing powers of g to the right. Since ψ(k) = 0, the

total exponent of g vanishes, so one obtains an expression in the gm,i.
Fix i and consider the words

gε00,i g
ε1
1,i · · · g

εm
m,i, εj ∈ {0, 1}.

There are 2m+1 such words, and after cancellation each has length at most 3(m + 1) in
the generating set {g, e1, . . . , en}. Indeed, writing gj,i = gjeig

−j, the product

gε00,i g
ε1
1,i · · · g

εm
m,i

is a word in g±1 and ei in which, between successive occurrences of ei, the g-powers
telescope: g−jgj+1 = g. Hence, after free reduction, each factor contributes at most one
letter ei and at most two letters g±1, giving the bound ≤ 3(m+ 1).

Since G has subexponential growth, for large m we have 2m+1 > γG(3(m+ 1)). Thus
the 2m+1 words above cannot all represent distinct elements of the ball of radius 3(m+1),
so two distinct choices of (ε0, . . . , εm) yield the same group element. Let t be the maximal
index with εt 6= ε′t for two such distinct choices (ε0, . . . , εm) and (ε′0, . . . , ε

′
m). Then

the corresponding words have the same suffix g
εt+1

t+1,i · · · g
εm
m,i, so cancelling this common
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tail and rearranging yields a relation expressing gt,i as a word in the earlier conjugates
g0,i, . . . , gt−1,i. In particular, there exists mi < m such that

gmi+1,i ∈ 〈g0,i, . . . , gmi,i〉.

Conjugating by powers of g then shows recursively that every gm,i with m ≥ 0 lies in 〈g0,i,
. . . , gmi,i〉. For m < 0 one argues analogously, applying the same counting argument to
the generator g−1 (equivalently, considering the conjugates g−meig

m). Hence all gm,i lie in
the subgroup generated by the set {gj,i : |j| ≤ mi}. Therefore K is finitely generated.

Lemma 4.2.12 (Tits). Let 1→ K → G
ψ−→ A→ 1 be exact with G finitely generated and

A abelian. If G has subexponential growth and K is virtually nilpotent, then G is virtually
nilpotent.

Proof. We follow [51]. By Lemma 4.2.11, K is finitely generated. Replacing K by a finite-
index characteristic nilpotent subgroup and G by the subgroup it generates together with
a lift of A, we may assume K is nilpotent. Indeed, since K is virtually nilpotent there
exists a nilpotent subgroup K ′ ≤ K of finite index. Because K is finitely generated,
for m = [K : K ′] there are only finitely many subgroups of K of index m, so the orbit
{ϕ(K ′) | ϕ ∈ Aut(K)} is finite. Hence

Kchar :=
⋂

ϕ∈Aut(K)

ϕ(K ′)

is a finite-index characteristic subgroup of K, contained in K ′ and therefore nilpotent.
Since K/G and Kchar is characteristic in K, we also have Kchar /G. Replacing K by Kchar

and G by the subgroup generated by K together with a lift of A changes G only up to
finite index, so it suffices to prove virtual nilpotence for these replacements. By induction
on the free rank of A it suffices to treat A = Z. Let g ∈ G map to a generator of A.

Choose a central series (so Ki/Ki−1 ≤ Z(K/Ki−1) for all i, which exists since K is
nilpotent)

{1} = K0 / K1 / · · · / Kr = K

and refine it so that each factor Ki/Ki−1 is either finite or free abelian and has no non-
trivial g-invariant subgroup of smaller rank. Concretely, start with any central series of
K (for example the upper central series). Each quotient Ki/Ki−1 is finitely generated
abelian, hence a direct sum of a finite torsion subgroup and a free part. For each free
part, viewed as a Z-lattice with the automorphism induced by conjugation by g, insert a
non-trivial g-invariant subgroup of minimal positive rank; iterating yields a finite refine-
ment in which the free factors have no proper non-trivial g-invariant subgroup of smaller
rank. On each infinite factor Ki/Ki−1 the conjugation action of g lies in GLn(Z) and is
semisimple by Lemma 4.2.10. If for some factor g had an eigenvalue with |λ| > 1, then
Lemma 4.2.9(2) would produce exponentially many distinct elements of bounded word
length, contradicting subexponential growth. Hence all eigenvalues have modulus 1, and
Lemma 4.2.9(1) implies g acts with finite order on each factor. Thus there is N ≥ 1 such
that gN acts trivially on every Ki/Ki−1. Equivalently, for each i we have

[gN , Ki] ⊆ Ki−1,

so the image of gN in G/Ki−1 centralizes the image of Ki. Since (Ki/Ki−1) ≤ Z(K/Ki−1)
by centrality of the series, it follows that

Ki/Ki−1 ≤ Z(〈K, gN〉/Ki−1).
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Consequently the chain

{1} = K0 / K1 / · · · / Kr = K / 〈K, gN〉

is a central series for 〈K, gN〉 (the last quotient 〈K, gN〉/K is cyclic, hence abelian), so
〈K, gN〉 is nilpotent. Therefore G is virtually nilpotent.

Proof of Theorem 4.2.7. We follow [6]. Let G be a finitely generated elementary amenable
group. If G has exponential growth there is nothing to prove, so assume G has subex-
ponential growth. We show that G is virtually nilpotent, hence has polynomial growth.
Proceed by induction on the construction rank of G. The base case is clear. Suppose
rk(G) = α + 1. Then there exists L / G with rk(L) ≤ α and G/L finite or abelian. By
Lemma 4.2.11, the subgroup L is finitely generated. It cannot have exponential growth,
hence by induction L is virtually nilpotent. If G/L is finite, then G is virtually nilpotent.
If G/L is abelian, apply Lemma 4.2.12 to conclude that G is virtually nilpotent. Thus G
has polynomial growth.

Famously, Gromov has extended Theorem 4.2.7 under the stronger hypothesis of poly-
nomial growth, see Theorem 7.4.5 for a proof.

4.3 Subexponential growth

4.3.1 Definitions and examples

Recall from Definition 3.1.5 that G has subexponential growth if lim supn→∞ γG(n)1/n = 1.
Subexponential growth forces amenability and leads to the first examples of intermediate
growth. We also record Grigorchuk’s theorem explicitly.

Theorem 4.3.1 (Følner). Let G be finitely generated. If G has subexponential growth,
then G is amenable.

Proof. Let S be a finite symmetric generating set and B(n) = BS(n). Fix ε > 0. If
|B(n+ 1)| > (1 + ε)|B(n)| for all n ≥ n0, then

|B(n)| ≥ (1 + ε)n−n0|B(n0)|,

so G has exponential growth, a contradiction. Hence there exists n with

|B(n+ 1)| ≤ (1 + ε)|B(n)|.

Since SB(n) = B(n + 1), the set B(n) is (S, ε)-Følner. By the finitely generated case of
the Følner condition, G is amenable.

See [42, 26] for further discussion.

Theorem 4.3.2 (Grigorchuk). There exists a finitely generated group of intermediate
growth, i.e. subexponential but not polynomial.

Remark 4.3.3. By Theorem 4.3.1 these groups are amenable. They show that intermedi-
ate growth is possible and provide counterexamples to Day’s question about elementary
amenability; see [18, 26, 21].
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4.3.2 The Gap Conjecture

Recall the growth function and comparison � from Definition 3.1.5, and write f ≺ g if
f � g but f 6' g. The relation γG,S(n) ≺ exp(

√
n) is a statement about growth type, not

a pointwise inequality.

Conjecture 4.3.4. Let G be finitely generated. If γG,S(n) ≺ exp(
√
n), then G has poly-

nomial growth, equivalently, is virtually nilpotent by Gromov’s theorem 7.4.5.

The conjecture is open in general; see [20]. Grigorchuk shows that it suffices to
prove it for residually finite groups [20]. Known cases include residually nilpotent groups
(Gap(1/2) holds; see [20] for references to work of Grigorchuk and Lubotzky–Mann) and
residually solvable groups, where Wilson proved a gap with exponent 1/6 and Eberhard–
Maini improved this to Gap(β) for all β < 1/4 [20, 11].

4.4 Amenability and geometry

We now return to Cayley graphs of finitely generated groups. Fix a finite symmetric
generating set S for G and write Γ = Cay(G,S). We record two geometric rigidity
phenomena due to Whyte [54] and state them directly in this setting.

4.4.1 Trees inside non-amenable Cayley graphs

Definition 4.4.1. Let G be finitely generated. A (left) action of a group H on G is called
translation-like if it is free and for each h ∈ H there exists Rh <∞ with

dS(g, h · g) ≤ Rh (∀g ∈ G).

Definition 4.4.2. Let Γ = Cay(G,S). A spanning subgraph T ⊆ Γ is called a bounded-
length 4-regular treeing if every connected component of T is a 4-regular tree and each
edge of T is realized by a path of length at most L in Γ for some fixed L.

Theorem 4.4.3 (Whyte). Let G be finitely generated. The following are equivalent:

(i) G is non-amenable.

(ii) Γ admits a translation-like action of the free group F2.

(iii) Equivalently, Γ contains a bounded-length 4-regular treeing.

Proof. Assume G is non-amenable. Then there exists ε > 0 with |SF | ≥ (1 + ε)|F | for
every finite F ⊆ G. Choose n with (1 + ε)n ≥ 2 and set T = Sn, so |TF | ≥ 2|F | for all
finite F . As in the proof of Theorem 4.1.7 (4⇒ 1), consider the bipartite graph with left
side G× {1, 2} and right side G, where (g, i) is adjacent to tg for t ∈ T . Hall’s condition
holds on both sides, hence by Corollary 4.1.13 there is a bijection

θ : G× {1, 2} → G, θ(g, i) = ti(g)g, ti(g) ∈ T.

The maps fi(g) := θ(g, i) are injective with disjoint images and move points by at most n
in the word metric. Thus G admits a translation-like action of the free semigroup on two
generators. Whyte shows how to symmetrize this action (using the marriage lemma to
construct bounded-distance inverses) to obtain a free action of F2 by bijections of bounded
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displacement. The associated graph with edges g–ag and g–bg (for free generators a, b) is
a bounded-length 4-regular treeing of Γ. Conversely, such a treeing canonically defines a
translation-like action of F2 by moving along its edges.

Conversely, if Γ contains such a treeing T , then T is bilipschitz to the 4-regular tree,
so there is c > 0 with |∂TA| ≥ c|A| for all finite A ⊆ G, where ∂TA denotes the set of
edges of T with exactly one endpoint in A. If G were amenable, there would be Følner
sets F ⊆ G for S, i.e. finite F with |SF | ≤ (1 + ε)|F | for arbitrarily small ε. Let L
be the treeing length and set F ′ = BS(L)F . Each edge of ∂TF

′ is realized by a path of
length at most L in Γ that crosses the S-boundary of BS(L − 1)F , so bounded degree
gives |∂TF ′| ≤ CL |SBS(L− 1)F \BS(L− 1)F | and |F ′| ≥ cL|F | for constants depending
only on L. Taking ε small forces |∂TF ′|/|F ′| small, contradicting the lower bound for T .
Hence G is non-amenable.

Remark 4.4.4. In particular, for non-amenable G the Cayley graph contains a regular tree
quasi-isometrically embedded at bounded distance from a spanning subgraph. This is a
geometric replacement for the (false) subgroup version of the von Neumann conjecture.

Conjecture 4.4.5 (Benjamini). Let G be a finitely generated group of exponential growth.
Then some (equivalently any) Cayley graph of G contains a quasi-isometrically embedded
regular tree of degree ≥ 3.

Remark 4.4.6. Conjecture 4.4.5 is known for large classes (e.g. connected Lie groups
and finitely generated solvable groups of exponential growth admit quasi-isometrically
embedded free semigroups, hence trees), and it holds for all non-amenable groups by
Theorem 4.4.3; see [8]. Related tree results for non-amenable graphs appear in [5].

Conjecture 4.4.7 (Lyons). Every finitely generated group of exponential growth admits
a spanning subtree of its Cayley graph with exponential growth (hence containing large
binary subtrees). This would not by itself give a quasi-isometric embedding of a regular
tree, but it would show that some strong tree-like subgraphs exist in complete generality;
see [36].

4.4.2 Bilipschitz rigidity for non-amenable groups

A quasi-isometry need not be close to a bijection: for example f : Z→ Z, f(n) = 2n, is a
quasi-isometry but cannot be at bounded distance from any bijection. Non-amenability
rules out this phenomenon.

Theorem 4.4.8 (Whyte). Let G,H be finitely generated non-amenable groups with Cayley
graphs ΓG,ΓH , and let f : ΓG → ΓH be a quasi-isometry. Then there exists a bilipschitz
equivalence g : ΓG → ΓH such that

sup
x∈ΓG

d
(
f(x), g(x)

)
<∞.

In particular, quasi-isometric non-amenable groups have Cayley graphs that are bilipschitz
equivalent (up to bounded distance).

Proof. Write ΓH = Cay(H,SH). Let f be a (λ,C)-quasi-isometry. Since f is coarsely
onto, there exists R0 such that every vertex of ΓH lies within R0 of f(ΓG). Since ΓG
has bounded degree, the fiber size of f is uniformly bounded: there exists M such that
|f−1(y)| ≤M for all y.
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Non-amenability of H yields ε > 0 with |SHF | ≥ (1+ε)|F | for all finite F ⊆ H, hence
|BSH (n)F | ≥ (1 + ε)n|F | for all n ≥ 1. Choose n with (1 + ε)n ≥M and set R = R0 + n.
Consider the bipartite graph with left side G and right side H, where g ∈ G is joined
to h ∈ H if dH

(
f(g), h

)
≤ R. For a finite A ⊆ G the neighborhood N(A) contains the

R-neighborhood of f(A), so

|N(A)| ≥ |BSH (n)f(A)| ≥M |f(A)| ≥ |A|.

Hall’s condition holds, so by Lemma 4.1.11 there is an injection ι : G → H with
dH
(
f(g), ι(g)

)
≤ R. Applying the same argument to a quasi-inverse of f yields an injec-

tion H → G. By Lemma 4.1.12 there exists a bijection g : G→ H at uniformly bounded
distance from f .

Since g is a bijective quasi-isometry between graphs with integer distances, the additive
constants can be absorbed into the multiplicative constant, so g is bilipschitz. This yields
the conclusion.



Chapter 5

Gap Conjecture

5.1 Introduction

This chapter is an expanded and largely self-contained exposition of techniques originating
in Grigorchuk’s work on Hilbert–Poincaré series and graded algebras associated with
groups. The aim is to prove the following result:

Theorem 5.1.1 (Grigorchuk). Let G be finitely generated and residually p-finite. If
γG(n) ≺ e

√
n, then G is virtually nilpotent.

We follow Grigorchuk’s original approach [19] with some simplifications and stream-
lining. Grigorchuk conjectured that the preceding theorem holds without the residual
p-finiteness assumption; this is known as the Gap Conjecture, see also Section 4.3.2.

5.2 Lie-algebraic techniques

Fix a prime p and write Fp for the field with p elements. Let G be a group.

5.2.1 Group algebra, augmentation ideal, and associated graded
algebra

Let Fp[G] be the group algebra. The augmentation map ε : Fp[G] → Fp is defined by
ε(
∑
agg) =

∑
ag. Its kernel

∆(G) := ker(ε)

is the augmentation ideal. The powers ∆(G)n form a decreasing filtration of Fp[G], and
we define the associated graded algebra

AG :=
⊕
n≥0

An(G), A0(G) := Fp, An(G) := ∆(G)n/∆(G)n+1 (n ≥ 1),

with multiplication induced from Fp[G].

Definition 5.2.1. The Hilbert–Poincaré series of AG is

fG(t) :=
∞∑
n=0

an(G) tn, an(G) := dimFp An(G). (5.1)

63
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The series exists as a formal power series as soon as an(G) < ∞ for all n. A nec-
essary and sufficient condition for (5.1) to define a power series with positive radius of
convergence is that a1(G) <∞:

d := a1(G) = dimFp ∆(G)/∆(G)2 <∞. (5.2)

Note that ∆(G)/∆(G)2 is a quotient of a direct sum of copies of Fp indexed by a generating
set of G, so d <∞ holds for finitely generated groups.

5.2.2 Zassenhaus filtration

Define the lower p-central series or Zassenhaus series (Gn)n≥1 by G1 := G and

Gn := [G,Gn−1] G p
dn/pe (n ≥ 2), (5.3)

where dn/pe is the smallest integer ≥ n/p. Equivalently (cf. standard references on
dimension subgroups),

Gn =
∏
jpi≥n

γj(G)p
i

, (5.4)

where γj(G) is the lower central series (γ1(G) = G, γj+1(G) = [G, γj(G)]).
Assume throughout that

|G/G2| = |G/[G,G]Gp| <∞, (5.5)

equivalently d = dimFp H1(G;Fp) <∞, which matches (5.2).
A group G is said to be residually p-finite if there exists a descending sequence of

normal subgroups of p-power index with trivial intersection. In the present context, one
standard sufficient condition is ⋂

n≥1

Gn = {1},

together with (5.5), ensuring that the natural maps G→ G/Gn approximate G by finite
p-groups.

5.2.3 Associated Lie p-algebra

Definition 5.2.2. Let k be a field of characteristic p > 0.
A restricted Lie p-algebra (or restricted Lie algebra) is a Lie algebra L over k together

with a map (the p-operation) (−)[p] : L → L , x 7→ x[p], such that for all x, y ∈ L and
a ∈ k,

(ax)[p] = apx[p], ad(x[p]) = ad(x)p, (x+ y)[p] = x[p] + y[p] +

p−1∑
i=1

si(x, y).

Here the terms si(x, y) are the standard universal Lie polynomials (in iterated brackets
of x and y), characterized by the requirement that

(ad(x+ y))p = (adx)p + (ad y)p +

p−1∑
i=1

ad
(
si(x, y)

)
.

A graded restricted Lie p-algebra is a restricted Lie p-algebra together with an N-
grading L =

⊕
n≥1 Ln such that [Lm,Ln] ⊆ Lm+n and x ∈ Ln ⇒ x[p] ∈ Lpn. (More

generally, for a grading by an abelian group A written additively, the grading compatibility
is deg(x[p]) = p deg(x).)
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Set
Ln(G) := Gn/Gn+1, LG :=

⊕
n≥1

Ln(G).

The commutator induces a graded Lie bracket [ ·, · ] : Lm(G) × Ln(G) → Lm+n(G), and
the p-power map induces a restricted operation x 7→ x[p] sending Ln(G)→ Lpn(G). Thus
LG is a graded restricted Lie p-algebra.

Define
bn(G) := dimFp Ln(G) = logp |Gn/Gn+1| . (5.6)

We use the following external structural theorem that relates the graded algebra AG

to the graded restricted Lie p-algebra LG.

Theorem 5.2.3 (Quillen). There is a natural isomorphism of graded algebras

AG
∼= U(LG),

the universal enveloping algebra of the restricted Lie p-algebra LG.

A standard consequence due to Jennings is the identity

fG(t) =
∑
n≥0

an(G)tn =
∞∏
n=1

(
1− tpn

1− tn

)bn(G)

. (5.7)

Proof of (5.7). In a graded restricted Lie algebra, the PBW theorem implies that the
Hilbert series of U(LG) is the Euler product (5.7) with exponents bn(G). Since U(LG) ∼=
AG by Theorem 5.2.3, the same identity holds for fG(t).

5.2.4 Lie-theoretic structure

Lemma 5.2.4. LG is generated as a restricted Lie p-algebra by its degree-one component
L1(G).

Proof. Let L ∗ be the restricted Lie subalgebra generated by L1(G). We prove by induc-
tion on n that Ln(G) ⊂ L ∗.

For n = 1 this is true. Assume Ln−1(G) ⊂ L ∗. By (5.3), every element of Gn is
a product of commutators [g, h] with g ∈ G, h ∈ Gn−1, and p-th powers of elements in
Gdn/pe. Modulo Gn+1 this yields

Ln(G) ⊂ [L1(G), Ln−1(G)] + (Ldn/pe(G))[p].

By the inductive hypothesis, Ln−1(G) ⊂ L ∗, so the bracket term lies in L ∗. Also,
dn/pe < n for n ≥ 2, so Ldn/pe(G) ⊂ L ∗, and applying the restricted power [p] remains
in L ∗. Hence Ln(G) ⊂ L ∗.

Lemma 5.2.5. Let L∗ ⊂ LG be the graded Lie subalgebra generated (as an ordinary Lie
algebra) by L1(G). Then [LG,LG] ⊂ L∗.

Proof. In a restricted Lie algebra one has the identity

[x, y[p]] = (ad y)p(x) (x, y ∈ LG).
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Since (ad y)p(x) is an iterated Lie bracket of x with y, it belongs to the Lie subalgebra
generated by x and y. In particular, if x ∈ L1(G) and y ∈ LG, then [x, y[p]] lies in the
ordinary Lie subalgebra generated by L1(G), i.e. in L∗.

By Lemma 5.2.4, LG is generated as a restricted Lie algebra by L1(G), hence any
element of LG is obtained from L1(G) using Lie brackets and [p]-powers. Using the
identity above, any bracket of two such elements can be rewritten as a linear combination
of iterated brackets involving only elements of degree 1 (no restricted powers remain inside
brackets), hence lies in the ordinary Lie subalgebra generated by L1(G), i.e. in L∗.

Lemma 5.2.6. Let L =
⊕

n≥1 Ln be an N-graded restricted Lie algebra over Fp generated
as a restricted Lie algebra by L1. Write [L ,L ] for its commutator ideal. Then for every
n ≥ 2 one has:

(a) If p - n, then Ln ⊆ [L ,L ]n.

(b) If p | n, then
Ln ⊆ [L ,L ]n +

〈
x[p] : x ∈ Ln/p

〉
Fp
.

Proof. Since L is generated by L1 as a restricted Lie algebra, every homogeneous element
of degree n is an Fp-linear combination of restricted Lie monomials in elements of L1.
Such a monomial is built from L1 by iterating the Lie bracket (which adds degrees) and
the operation [p] (which multiplies degrees by p).

If p - n, then no monomial of total degree n can have the operation [p] as its last step
(indeed applying [p] at the last step forces the total degree to be divisible by p). Hence
every monomial of degree n uses a bracket at some stage, so it lies in the commutator
ideal. This proves (a).

If p | n, then a monomial of degree n either has a bracket as its last step (hence
lies in [L ,L ]n), or it has the operation [p] as its last step. In the latter case it equals
y[p] for some homogeneous monomial y of degree n/p, hence belongs to the Fp-span of
{x[p] : x ∈ Ln/p}. This proves (b).

Lemma 5.2.7. Assume there exists N with bN(G) = 0 (equivalently LN(G) = 0). Then:

(a) The ordinary graded Lie subalgebra L∗ ⊆ LG generated by L1(G) is concentrated in
degrees < N , hence finite-dimensional. In particular, (L∗)n = 0 for all n ≥ N .

(b) The commutator ideal satisfies [LG,LG]n = 0 for all n ≥ N . Consequently, the
graded ideal L≥N :=

⊕
n≥N Ln(G) is central (hence abelian).

(c) For every n ≥ N one has:

Ln(G) = 0 if p - n, and Ln(G) =
〈
x[p] : x ∈ Ln/p(G)

〉
Fp

if p | n.

In particular, for all sufficiently large n one has bn(G) = 0 unless n = mpk with
1 ≤ m ≤ N − 1 and p - m.

(d) For each fixed m with 1 ≤ m ≤ N − 1 and p - m, the sequence k 7→ bmpk(G) is
eventually non-increasing, hence bounded.

Proof. Write Ln := Ln(G) and L := LG.
(a) Let L∗ be the ordinary graded Lie subalgebra generated by L1. Since L∗ is

generated in degree 1, one has (L∗)n = [L1, (L∗)n−1] for all n ≥ 2 (every Lie monomial
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of degree n can be written as a bracket of a degree-1 element with a degree-(n − 1) Lie
monomial). Because LN = 0, we have (L∗)N ⊆ LN = 0, hence inductively (L∗)n = 0 for
all n ≥ N . Therefore L∗ is concentrated in degrees < N and is finite-dimensional.

(b) By Lemma 5.2.5 one has [L ,L ] ⊆ L∗. Taking homogeneous degree-n parts and
using (a) gives [L ,L ]n = 0 for all n ≥ N . Now if x ∈ Ln with n ≥ N and y ∈ Lm is
arbitrary, then [y, x] ∈ [L ,L ]m+n = 0 because m + n ≥ N . Hence L≥N is central, in
particular abelian.

(c) Apply Lemma 5.2.6 to the restricted Lie algebra L (generated by L1 by Lemma 5.2.4).
If n ≥ N and p - n, then Lemma 5.2.6(a) gives Ln ⊆ [L ,L ]n = 0, so Ln = 0.

If n ≥ N and p | n, then Lemma 5.2.6(b) gives

Ln ⊆ [L ,L ]n +
〈
x[p] : x ∈ Ln/p

〉
Fp

=
〈
x[p] : x ∈ Ln/p

〉
Fp
,

again since [L ,L ]n = 0 for n ≥ N . This proves the displayed dichotomy in (c). Iterating
it shows: if n ≥ N and n = mpk with p - m, then Ln = 0 whenever m ≥ N , so for all
sufficiently large n the only possible non-zero degrees lie on the finitely many rays mpk

with 1 ≤ m ≤ N − 1 and p - m.
(d) Fix such an m and choose k0 so that mpk0 ≥ N . For k ≥ k0 we have Lmpk ⊆ L≥N ,

which is abelian by (b). On an abelian restricted Lie algebra the operation [p] is Fp-
additive (the Jacobson formula has only commutator correction terms, which vanish in
the abelian case), and over Fp it is Fp-linear. Thus the map

[p] : Lmpk −→ Lmpk+1 , x 7→ x[p],

is Fp-linear for all k ≥ k0. By (c) we also have Lmpk+1 = 〈x[p] : x ∈ Lmpk〉Fp = im([p]) for
all k ≥ k0. Hence bmpk+1 = dim im([p]) ≤ dimLmpk = bmpk for all k ≥ k0, so the sequence
is eventually non-increasing and bounded.

5.3 Main results

5.3.1 Preparation

Apart from Quillen’s theorem and Jennings formula, we need two other external theorems.
The first is a characterization of p-adic analytic pro-p groups due to Lazard [32].

Theorem 5.3.1. Let Ĝ be a finitely generated pro-p group. If logp

∣∣∣Ĝ : Ĝpn
∣∣∣ = O(n),

then Ĝ is p-adic analytic and admits a faithful finite-dimensional linear representation
over Qp.

The second result is the Tits’ alternative for linear groups [51]. We managed to avoid
it so far, but now we are going to use it.

Theorem 5.3.2. A finitely generated linear group over a field is either virtually solvable
or contains a nonabelian free subgroup.

5.3.2 Reduction to linear groups

With the subsequent preparations we are able to show that any finitely generated group
satisfying the growth condition of Theorem 5.1.1 must be linear, more specifically, a
subgroup of GLm(Zp).
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Theorem 5.3.3. Let G be a residually p-finite group satisfying (5.5). Consider the fol-
lowing assertions:

1) an(G) ≺ e
√
n.

2) There exists n such that bn(G) = 0.

3) The indices ρn := |G : Gn| have power growth.

4) The limit

r := lim sup
n→∞

1

n
logp

∣∣G : Gpn
∣∣

is finite.

5) G admits a faithful representation by matrices over Zp.

Then, the following implications hold:

(1)⇒ (2)⇒ (3)⇒ (4)⇒ (5).

Proof. (1) ⇒ (2) : We prove that if bn(G) ≥ 1 for all n, then an(G) � e
√
n. This

argument proceeds directly from the Jennings product formula. Indeed, assume bn ≥ 1
for all n. Then by (5.7),

fG(t) ≥
∏
n≥1

1− tpn

1− tn
=:

Φ(t)

Φ(tp)
, Φ(t) :=

∏
n≥1

(1− tn)−1.

Write Φ(t) =
∑

n≥0 p(n)tn where p(n) is the partition function. It is a classical result
due to Hardy–Ramanujan (see Appendix A.3) that log p(n) � Θ(

√
n). To extract a lower

bound on coefficients, rewrite

Φ(t)

Φ(tp)
=
∏
n≥1

1− tpn

1− tn
=
∏
n≥1

(
1 + tn + · · ·+ t(p−1)n

)
.

All factors have nonnegative coefficients and constant term 1, hence the inequality fG(t) ≥
Φ(t)/Φ(tp) holds coefficientwise, so

an(G) ≥ [tn]
Φ(t)

Φ(tp)
.

Moreover, since 1 + tn + · · ·+ t(p−1)n ≥ 1 + tn coefficientwise, we get

Φ(t)

Φ(tp)
≥
∏
n≥1

(1 + tn)

coefficientwise. The right-hand side is the generating function for partitions into distinct
parts, whose coefficients satisfy [tn]

∏
m≥1(1 + tm) � e

√
n, consequently an(G) � e

√
n.

(2)⇒ (3) : Assume bN(G) = 0 for some N . By Lemma 5.2.7(c), for all sufficiently large
indices bn(G) can be non-zero only on the finitely many p-rays mpk with 1 ≤ m ≤ N − 1
and p - m. By Lemma 5.2.7(d), along each such ray the values bmpk(G) are eventually
bounded by a constant. Let

B := max
1≤j≤N−1

bj(G), M := #{m ∈ {1, . . . , N − 1} : p - m and bm(G) 6= 0}.
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Then for every n ≥ 1,

n∑
i=1

bi(G) ≤
N−1∑
i=1

bi(G) +
∑

1≤m≤N−1
p-m

∑
k:mpk≤n

bmpk(G) ≤
N−1∑
i=1

bi(G) + M ·B ·
(
1 + blogp nc

)
.

Thus
∑n

i=1 bi(G) = O(log n). Since

|G : Gn+1| =
n∏
i=1

|Gi/Gi+1| = p
∑n
i=1 bi(G),

it follows that |G : Gn+1| ≤ pC logp n = nC for some C > 0, i.e. ρn = |G : Gn| has power
growth.

(4)⇒ (5) : Let Ĝ be the pro-p completion of G and note that G embeds into Ĝ, since

G is residually p-finite. Since G is dense in Ĝ and Ĝ/Ĝpn is a finite p-group, the natural

map G→ Ĝ/Ĝpn is surjective, hence
∣∣∣Ĝ : Ĝpn

∣∣∣ ≤ ∣∣G : Gpn
∣∣. Thus assumption (4) implies

logp

∣∣∣Ĝ : Ĝpn
∣∣∣ = O(n). By Theorem 5.3.1, Ĝ embeds into GLm(Qp) and is p-adic analytic.

Being compact, after conjugation it is contained in GLm(Zp) (standard structure theory
of compact subgroups of GLm(Qp); cf. [48]).

5.3.3 Proof of Theorem 5.1.1

Fix a finite generating set S = {s1, . . . , sm} of G. Recall the growth function γG,S from
the chapter on Cayley graphs and growth (see Definition 3.1.5 and Proposition 3.1.4).
Denote the associated word length by |g|S. Thus γG,S(n) = #{g ∈ G : |g|S ≤ n}.

Lemma 5.3.4. For any generating set S of G,

an(G) ≤ γG,S(n) (n ≥ 1).

Proof. Every element of ∆(G)n is an Fp-linear combination of products

(s1 − 1) · · · (sn − 1) (si ∈ S ∪ S−1).

Expanding out each factor shows that such a product is a linear combination of group
elements of the form si1 · · · sik with k ≤ n, hence supported inside the ball {g ∈ G : |g|S ≤
n}. Therefore ∆(G)n is contained in the Fp-span of {g ∈ G : |g|S ≤ n}, so

dimFp ∆(G)n ≤ γG,S(n).

Finally,
an(G) = dimFp

(
∆(G)n/∆(G)n+1

)
≤ dimFp ∆(G)n ≤ γG,S(n).

Proof of Theorem 5.1.1. SinceG is finitely generated, condition (5.5) holds. By Lemma 5.3.4,
we have an(G) ≤ γG,S(n) for all n. Since γG(n) ≺ e

√
n by hypothesis, and growth type is

independent of the generating set by Proposition 3.1.4, it follows that γG,S(n) ≺ e
√
n and

hence an(G) ≺ e
√
n. By Theorem 5.3.3, condition (1) implies condition (5), so G admits

a faithful representation by matrices over Zp.
The growth bound excludes the existence of non-abelian free subgroups and thus, by

Theorem 5.3.2, implies that G is virtually solvable. Finally, by Theorem 4.2.8, a finitely
generated virtually solvable group of subexponential growth is virtually nilpotent.
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Chapter 6

Random walks and entropy

In this chapter we study random walks on groups and their connections to entropy and
harmonic functions.

6.1 Random walks and the Poisson boundary

6.1.1 Definitions

Definition 6.1.1. Let X be a countable set. We write P(X) for the set of probability
measures on X, i.e. functions p : X → [0, 1] such that

∑
x∈X p(x) = 1. The support of p

is supp(p) := {x ∈ X : p(x) > 0}.

Definition 6.1.2. Let G be a countable group.

(i) For µ, ν ∈ P(G) their convolution is the probability measure µ ∗ ν ∈ P(G) defined
by

(µ ∗ ν)(x) :=
∑
y∈G

µ(y) ν(y−1x) (x ∈ G).

Inductively, µ∗n denotes the n-fold convolution with µ∗1 = µ.

(ii) For g ∈ G and ν ∈ P(G) the left translate gν ∈ P(G) is defined by

(gν)(x) := ν(g−1x) (x ∈ G).

(iii) A probability measure µ ∈ P(G) is called symmetric if µ(g) = µ(g−1) for all g ∈ G.
It is called nondegenerate if supp(µ) generates G as a semigroup.

Fix a countable group G and a probability measure µ ∈ P(G) whose support generates
G as a semigroup. The µ-random walk on G is the random process

X0 = e, Xn+1 = Xn Sn+1,

where (S1, S2, . . . ) are i.i.d. G-valued random variables with law µ.

Proposition 6.1.3. Let G be a countable group and let µ ∈ P(G). Let (Sn)n≥1 be i.i.d.
G-valued random variables with law µ and define X0 := e and Xn := S1 · · ·Sn. Then the
distribution of Xn is µ∗n.
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Proof. We prove by induction on n. For n = 1 the law of S1 is µ. Assume the claim for
n. For any x ∈ G we have, using independence of Sn+1 and Xn,

P[Xn+1 = x] =
∑
y∈G

P[Xn = y]P[Sn+1 = y−1x] = (µ∗n ∗ µ)(x) = µ∗(n+1)(x).

The averaging operator behind the walk is the so-called Markov operator P acting on
bounded functions f : G→ C by

Pf(x) :=
∑
s∈G

µ(s) f(xs) (x ∈ G).

Then, we have

(P nf)(e) =
∑
x∈G

µ∗n(x) f(x) = E[f(Xn)].

6.1.2 Harmonic functions and the Poisson boundary

A function f ∈ `∞(G) is called µ-harmonic if Pf = f . This is exactly the condition that
(f(Xn))n≥0 is a bounded martingale with respect to the natural filtration of the random
walk:

E
[
f(Xn+1) | X0, . . . , Xn

]
= Pf(Xn) = f(Xn).

By the martingale convergence theorem, f(Xn) converges almost surely to a limit random
variable f∞. In this sense, bounded µ-harmonic functions are precisely those whose values
along the random walk stabilize at infinity.

We now explain a functional-analytic construction of the Poisson boundary due to
Prunaru, [45]. Unlike the probabilistic approach via path space, the construction proceeds
by taking suitable limits of iterates of the Markov operator and then applying Gelfand
theory.

For g ∈ G and f ∈ `∞(G) we write

(Lgf)(x) := f(g−1x) (x ∈ G),

so that L : G→ Isom(`∞(G)) is the left-translation action. Since the Markov operator P
acts on the right, it satisfies the intertwining relation

Lg ◦ P = P ◦ Lg (g ∈ G). (6.1)

Lemma 6.1.4. The Markov operator P : `∞(G) → `∞(G) is unital, positive, and con-
tractive. Moreover, for every f ∈ `∞(G) one has the pointwise Schwarz inequality

|Pf |2 ≤ P (|f |2).

Proof. Unitality and positivity are immediate from the definition. Contractivity follows
from

|Pf(x)| ≤
∑
s

µ(s) |f(xs)| ≤ ‖f‖∞
∑
s

µ(s) = ‖f‖∞.

For the Schwarz inequality, fix x ∈ G. By Cauchy–Schwarz in `2(G),

|Pf(x)|2 =

∣∣∣∣∣∑
s

µ(s)f(xs)

∣∣∣∣∣
2

≤

(∑
s

µ(s)

)(∑
s

µ(s)|f(xs)|2
)

= P (|f |2)(x).
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Denote the space of bounded µ-harmonic functions by

H(G, µ) := {f ∈ `∞(G) : Pf = f}.

Definition 6.1.5. Let C(P ) be the set of all f ∈ `∞(G) such that, for every x ∈ G, the
sequence (P nf(x))n≥0 converges. For f ∈ C(P ) define π(f) ∈ `∞(G) by

π(f)(x) := lim
n→∞

P nf(x) (x ∈ G).

Lemma 6.1.6. The map π : C(P ) → `∞(G) is linear, unital, positive, G-equivariant,
contractive and satisfies P ◦π = π and π ◦P = π. In particular, π(f) ∈ H(G, µ) for every
f ∈ C(P ).

Proof. Linearity and unitality are clear from the definition. Positivity and contractiv-
ity follow since each P n is positive and contractive, and pointwise limits preserve order
and sup bounds. The intertwining relation (6.1) implies Lg(P

nf) = P n(Lgf) for all n.
Taking pointwise limits yields π(Lgf) = Lgπ(f). Finally, from P n+1f = P n(Pf) we get
π(Pf) = π(f). Continuity of P with respect to pointwise convergence on bounded sets
gives Pπ(f) = π(f).

The key point is that even though P nf need not converge for an arbitrary bounded
f , it does converge on the C∗-algebra generated by harmonic functions.

Definition 6.1.7. Let A ⊆ `∞(G) be the (norm) closed ∗-subalgebra generated by
H(G, µ).

Lemma 6.1.8. One has A ⊆ C(P ). In particular, π restricts to a unital positive contrac-
tion π : A→ H(G, µ).

Proof. Let C(P )0 := {f ∈ C(P ) : π(f) = 0}. If f ∈ C(P )0 is nonnegative and g ∈ `∞(G),
then fg ∈ C(P )0. Indeed, it suffices to treat g ≥ 0. For every n and every x ∈ G,

(P n(fg))(x) ≤ ‖g‖∞ (P nf)(x),

so P n(fg)(x)→ 0 pointwise.
If h ∈ H(G, µ), then |h|2 ∈ C(P ). By Lemma 6.1.4, P (|h|2) ≥ |h|2. Iterating yields

a pointwise increasing sequence P n(|h|2) bounded above by ‖h‖2
∞, hence it converges

pointwise. Moreover, the limit π(|h|2) is µ-harmonic by Lemma 6.1.6, so

π(|h|2)− |h|2 ∈ C(P )0 and is nonnegative.

We know that (
π(|h|2)− |h|2

)
g ∈ C(P )0 (g ∈ `∞(G)). (6.2)

If h1, h2 ∈ H(G, µ), then h1h2 ∈ C(P ). Indeed, by the polarization identity one can
write

h1h2 =
1

4

3∑
m=0

im |h1 + imh2|2,

and each h1 + imh2 is harmonic. Hence h1h2 is a linear combination of functions of the
form |h|2 handled above. Moreover, applying (6.2) to each term yields(

π(h1h2)− h1h2

)
g ∈ C(P )0 (g ∈ `∞(G)). (6.3)
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Let J / A be the closed ideal (in A) generated by all elements of the form

h1h2 − π(h1h2) (h1, h2 ∈ H(G, µ)).

We claim that if h1, . . . , hk ∈ H(G, µ) and g := h1 · · ·hk, then g ∈ C(P ) and g−π(g) ∈ J .
For k = 1 this is clear. For k = 2, we have shown g ∈ C(P ) and (6.3) with g = 1 shows
g − π(g) ∈ J . Assume the claim holds up to k − 1. Write

h1 · · ·hk =
(
h1h2 − π(h1h2)

)
h3 · · ·hk + π(h1h2)h3 · · ·hk.

The first term lies in J by definition, and it also lies in C(P ) by (6.3). The second term is a
product of k−1 harmonic functions, hence lies in C(P ) by induction, and differs from its π-
image by an element of J . It follows that h1 · · ·hk ∈ C(P ) and h1 · · ·hk−π(h1 · · ·hk) ∈ J .

Now the ∗-algebra generated by H(G, µ) consists of finite linear combinations of such
products, so it is contained in C(P ). Taking the norm closure yields A ⊆ C(P ). Moreover,
for every a in the algebraic ∗-subalgebra generated by H(G, µ) we have a − π(a) ∈ J .
Since J is norm closed and π : A → H(G, µ) is contractive, the same holds for all a ∈ A
by approximation.

Lemma 6.1.9. With notation as above, ker(π|A) = J . In particular, ker(π|A) is a closed
ideal of A.

Proof. By definition, J ⊆ A and J is generated by elements of the form h1h2 − π(h1h2).
Each such generator lies in ker(π|A) since π is idempotent on A. Hence J ⊆ ker(π|A).

Conversely, if f ∈ ker(π|A), then by the last sentence of the proof of Lemma 6.1.8 we
have f − π(f) = f ∈ J .

Definition 6.1.10. Let Πµ(G) be the maximal ideal space of the commutative C∗-algebra
A/J . We call Πµ(G) the Poisson space of (G, µ).

The Gelfand transform yields an isometric ∗-isomorphism A/J ∼= C(Πµ(G)). Com-
posing its inverse with π produces a canonical identification between C(Πµ(G)) and the
harmonic functions. Thus, there exists a compact G-space Πµ(G) and a G-equivariant
unital linear isometric isomorphism

Γ : C(Πµ(G)) −→ H(G, µ) ⊆ `∞(G).

Moreover, the product in C(Πµ(G)) can be computed in `∞(G) by the formula

Γ(ϕψ)(g) = lim
n→∞

P n(Γ(ϕ)Γ(ψ))(g) (ϕ, ψ ∈ C(Πµ(G)), g ∈ G). (6.4)

Remark 6.1.11. It is remarkable and not obvious from (6.4) that it can be used to define
an associative product on H(G, µ).

The following corollary is the analogue of the Poisson integral representation of har-
monic functions on the unit disk, and is the reason for the name Poisson boundary.

Corollary 6.1.12. Let ν be the Borel probability measure on Πµ(G) corresponding to the
state

ϕ 7→ (Γϕ)(e) (ϕ ∈ C(Πµ(G))).

Then for every ϕ ∈ C(Πµ(G)) and every g ∈ G one has

(Γϕ)(g) =

∫
Πµ(G)

ϕ(g · x) dν(x).
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Proof. Since Γ is G-equivariant, we have (Γϕ)(g) = (Lg−1Γϕ)(e) = (Γ(Lg−1ϕ))(e). By
definition of ν, this equals

∫
(Lg−1ϕ) dν =

∫
ϕ(g · x) dν(x).

Example 6.1.13. For the simple random walk on Z, a function f : Z → C is harmonic
if and only if it satisfies the mean value property

f(n) = 1
2
f(n− 1) + 1

2
f(n+ 1) (∀n ∈ Z).

Hence
f(n+ 1)− f(n) = f(n)− f(n− 1),

so the first differences are constant. Hence f(n) = an + b for constants a, b. If f is
bounded on Z, then a = 0, so f is constant.

Example 6.1.14. Let F2 = 〈a, b〉 with generating set S = {a±1, b±1} and let µ be the
simple symmetric random walk measure Define f : F2 → [0, 1] by

f(g) :=


1
4

g = 1

1− 3
4
· 3−|g|, if the reduced word of g begins with a,

1
4
· 3−|g|, otherwise.

Then f is bounded and not constant.
We claim that f is µ-harmonic. Indeed, for every g 6= e there is exactly one neighbour

g− with |g−| = |g| − 1 and three neighbours g+ with |g+| = |g|+ 1. Moreover, when one
moves away from the origin, one stays either always in the a-branch of the tree or always
outside it. Hence the harmonicity condition reduces to

f(g) =
1

4
f(g−) +

3

4
f(g+) (g 6= e).

On a fixed branch, if fn denotes the value of f on words of length n, this is the recursion

4fn = fn−1 + 3fn+1.

The functions n 7→ 1− 3
4
· 3−n and n 7→ 1

4
· 3−n satisfy this recursion. At the origin,

f(e) =
1

4

(
f(a) + f(a−1) + f(b) + f(b−1)

)
=

1

4

(3

4
+ 3 · 1

12

)
=

1

4
,

so f is µ-harmonic everywhere.

6.2 Entropy of random walks

An important numerical invariant of a random walk is its asymptotic entropy, which is a
measure of the behaviour of typical trajectories of the walk. It is closely related to the
Poisson boundary and harmonic functions, as we will see in the next chapter.
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6.2.1 Definitions

For a probability measure p on a countable set, its entropy is

H(p) := −
∑
x

p(x) log p(x) =
∑
x

p(x) log
1

p(x)

(with the convention 0 log 0 := 0). For the µ-random walk, set Hn := H(µ∗n).

Lemma 6.2.1. Let G be a countable group and let p, q ∈ P(G). Assume that H(p) <∞
and H(q) <∞. Then H(p ∗ q) ≤ H(p) +H(q).

Proof. We give a direct proof using convexity of t 7→ t log t. Define weights on G×G by
ax,y := p(x) q(y) for x, y ∈ G. For z ∈ G, group these weights according to the product
z = xy and set

pz := (p ∗ q)(z) =
∑
xy=z

ax,y.

For each fixed z, the convexity gives∑
xy=z

ax,y log ax,y ≤
(∑
xy=z

ax,y

)
log
(∑
xy=z

ax,y

)
.

Summing over z yields ∑
x,y∈G

ax,y log ax,y ≤
∑
z∈G

pz log pz.

Multiplying by −1 and using ax,y = p(x)q(y), we obtain

H(p ∗ q) = −
∑
z∈G

pz log pz ≤ −
∑
x,y∈G

p(x)q(y) log
(
p(x)q(y)

)
= −

∑
x∈G

p(x) log p(x)
∑
y∈G

q(y)−
∑
y∈G

q(y) log q(y)
∑
x∈G

p(x)

= H(p) +H(q).

Corollary 6.2.2. Assume that H(µ) <∞. Then Hm+n ≤ Hm +Hn for all m,n ≥ 1.

Proof. Apply Lemma 6.2.1 to p = µ∗m and q = µ∗n.

Proposition 6.2.3. Assume that H(µ) <∞. Then, we have

lim
n→∞

1

n
H(µ∗n) = inf

n≥1

1

n
H(µ∗n).

Proof. By Corollary 6.2.2, the sequence (Hn)n≥1 is subadditive. By Fekete’s lemma for
subadditive sequences, the limit of Hn/n exists and equals infn≥1Hn/n.

Definition 6.2.4. We call

h(µ) := lim
n→∞

1

n
H(µ∗n)

the asymptotic entropy of (G, µ).
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6.2.2 The free group on two generators

The aim of this section is to compute the asymptotic entropy of the simple random walk
on the free group on two generators in complete detail. Let F2 = 〈a, b〉 be the free group
on two generators, with symmetric generating set S = {a, a−1, b, b−1}. Let µ ∈ P(F2) be
the simple random walk measure, i.e. µ(s) = 1

4
for s ∈ S and µ(g) = 0 otherwise. Let

X0 = 1 and Xn+1 = XnSn+1 where (Sn)n≥1 are i.i.d. with law µ. Let |g| denote word
length of g ∈ F2 with respect to S and set Dn := |Xn|.

The size of th spheres in F2 of radius d equals sd = 4 · 3d−1. Moreover, for each n ≥ 0
and each g ∈ F2, the value µ∗n(g) depends only on d = |g|. Equivalently, if one defines
pn,d := P(Dn = d), then for every g with |g| = d,

µ∗n(g) =
pn,d
sd

.

Lemma 6.2.5. The process (Dn)n≥0 is a Markov chain on N with transitions

P(Dn+1 = 1 | Dn = 0) = 1, P(Dn+1 = d+1 | Dn = d) =
3

4
, P(Dn+1 = d−1 | Dn = d) =

1

4

for d ≥ 1. Consequently, with p0,0 = 1 and p0,d = 0 for d ≥ 1,

pn+1,0 =
1

4
pn,1,

pn+1,1 = pn,0 +
1

4
pn,2,

pn+1,d =
3

4
pn,d−1 +

1

4
pn,d+1 (d ≥ 2).

Proof. If Dn = 0, then Xn = e and the next step necessarily moves to distance 1. If
Dn = d ≥ 1, then the reduced word for Xn has a last letter; among the 4 generators,
exactly one is its inverse and shortens the reduced word (probability 1/4), while the other
three extend it (probability 3/4). The recursion is obtained by conditioning on Dn.

We are now going to compute the entropy Hn = H(µ∗n) in terms of the distribution
of Dn. Define the entropy of the radial law by

H(pn,•) := −
∑
d≥0

pn,d log pn,d.

Proposition 6.2.6. For every n ≥ 0,

H(µ∗n) = H(pn,•) +
∑
d≥0

pn,d log sd.

In particular, using s0 = 1 and sd = 4 · 3d−1 for d ≥ 1,

H(µ∗n) = H(pn,•) + log 3E[Dn] + (log 4− log 3) (1− pn,0).
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Proof. For |g| = d one has µ∗n(g) = pn,d/sd. Hence

H(µ∗n) = −
∑
g∈F2

µ∗n(g) log µ∗n(g)

= −
∑
d≥0

∑
|g|=d

pn,d
sd

log
(pn,d
sd

)
= −

∑
d≥0

pn,d
(
log pn,d − log sd

)
= −

∑
d≥0

pn,d log pn,d +
∑
d≥0

pn,d log sd

= H(pn,•) +
∑
d≥0

pn,d log sd.

For d ≥ 1,

log sd = log(4 · 3d−1) = log 4 + (d− 1) log 3 = d log 3 + (log 4− log 3),

and log s0 = 0. Therefore∑
d≥0

pn,d log sd =
∑
d≥1

pn,d
(
d log 3 + (log 4− log 3)

)
= log 3E[Dn] + (log 4− log 3)(1− pn,0).

It remains to understand the growth of E[Dn], the so-called drift of the random walk,
and pn,0 as n→∞.

Lemma 6.2.7. For every n ≥ 0,

E[Dn+1] = E[Dn] +
1

2
+

1

2
pn,0.

Equivalently,

E[Dn] =
n

2
+

1

2

n−1∑
k=0

pk,0.

Proof. If Dn = 0 then Dn+1 = 1, hence E[Dn+1 −Dn | Dn = 0] = 1. If Dn = d ≥ 1, then
Dn+1 = d+ 1 with probability 3/4 and Dn+1 = d− 1 with probability 1/4, so

E[Dn+1 −Dn | Dn = d] =
3

4
· 1 +

1

4
· (−1) =

1

2
.

Taking expectations yields

E[Dn+1 −Dn] = 1 · pn,0 +
1

2
· (1− pn,0) =

1

2
+

1

2
pn,0.

Summing from 0 to n− 1 gives the second identity.

Lemma 6.2.8. We have P(the chain (Dn) ever hits 0 | D0 = 1) = 1
3
.
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Proof. Let h(d) := P(hit 0 eventually | D0 = d). Then h(0) = 1 and for d ≥ 1,

h(d) =
1

4
h(d− 1) +

3

4
h(d+ 1).

Seeking solutions of the form h(d) = λd gives

λ =
1

4
+

3

4
λ2 ⇐⇒ 3λ2 − 4λ+ 1 = 0 ⇐⇒ (λ− 1)(3λ− 1) = 0.

Thus λ ∈ {1, 1
3
}. The condition h(d) → 0 as d → ∞ forces h(d) = (1

3
)d. Hence h(1) =

1
3
.

Lemma 6.2.9. Let N := #{n ≥ 0 : Dn = 0}. Then E[N ] = 3
2
, and consequently

∞∑
n=0

pn,0 =
3

2
.

Proof. Starting from D0 = 0, there is one visit at time 0. After each visit to 0, the chain
moves to 1 at the next step. From distance 1, the probability to ever return to 0 equals
r = 1

3
by Lemma 6.2.8. By the strong Markov property, after each return the process

renews. Hence the number of additional visits to 0 after time 0 is geometric with success
parameter 1−r, so its expectation equals r/(1−r) = 1/2. Therefore E[N ] = 1+1/2 = 3/2.

Also, note that

N =
∞∑
n=0

1{Dn=0}, so E[N ] =
∞∑
n=0

P(Dn = 0) =
∞∑
n=0

pn,0.

Theorem 6.2.10. For the simple random walk on F2,

lim
n→∞

1

n
H(µ∗n) =

1

2
log 3.

More precisely,

H(µ∗n) =
1

2
(log 3)n+O(log n).

Proof. First, since Dn ∈ {0, 1, . . . , n}, the support of (pn,d)d≥0 has size at most n + 1,
hence

0 ≤ H(pn,•) ≤ log(n+ 1).

Next, by Lemma 6.2.7 and Lemma 6.2.9,

E[Dn] =
n

2
+

1

2

n−1∑
k=0

pk,0 =
n

2
+

1

2

( ∞∑
k=0

pk,0 −
∞∑
k=n

pk,0

)
=
n

2
+

3

4
+ o(1).

Insert this into Proposition 6.2.6:

H(µ∗n) = H(pn,•) + log 3E[Dn] + (log 4− log 3) (1− pn,0).

The last term is O(1) because 0 ≤ 1− pn,0 ≤ 1, and H(pn,•) = O(log n). Thus

H(µ∗n) = log 3

(
n

2
+

3

4
+ o(1)

)
+O(log n) =

1

2
(log 3)n+O(log n),

and dividing by n gives the stated limit.
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6.2.3 Concavity modulus

Following [40, §3], for probability measures p, q on a countable set X, we define the
concavity defect

δ(p, q) := H

(
p+ q

2

)
− H(p) +H(q)

2
≥ 0,

where the inequality follows from concavity of entropy.

Lemma 6.2.11. Let X be a countable set, let p, q be probability measures on X, and let
f : X → R≥0. Then

∑
x

f(x) |p(x)− q(x)| ≤
(

8δ(p, q)
)1/2

·

(∑
x

f(x)2 (p(x) + q(x))

)1/2

.

Proof. We follow [40, §3], with some minor modifications. Set m := p+q
2

. For each x ∈ X
with p(x) + q(x) > 0 define

t(x) :=
p(x)− q(x)

p(x) + q(x)
∈ [−1, 1].

Then

δ(p, q) =
1

2

∑
x∈X

(
p(x) log

p(x)

m(x)
+ q(x) log

q(x)

m(x)

)
=

1

2

∑
x∈X

(
p(x) log

2p(x)

p(x) + q(x)
+ q(x) log

2q(x)

p(x) + q(x)

)
,

with the convention that terms with p(x) = q(x) = 0 are 0. Writing p(x) = p(x)+q(x)
2

(
1 +

t(x)
)

and q(x) = p(x)+q(x)
2

(
1− t(x)

)
, the summand becomes

p(x) + q(x)

4

((
1 + t(x)

)
log
(
1 + t(x)

)
+
(
1− t(x)

)
log
(
1− t(x)

))
.

Consider the function

ϕ(t) := (1 + t) log(1 + t) + (1− t) log(1− t)− t2

2
, t ∈ (−1, 1).

A direct computation gives

ϕ′′(t) =
1

1 + t
+

1

1− t
− 1 =

1 + t2

1− t2
≥ 0,

and also ϕ(0) = 0, ϕ′(0) = 0. Hence ϕ(t) ≥ 0 for all t ∈ (−1, 1), i.e.

(1 + t) log(1 + t) + (1− t) log(1− t) ≥ t2

2
.

By continuity this inequality also holds at t = ±1. Substituting back yields the pointwise
estimate (for all x with p(x) + q(x) > 0)

(p(x)− q(x))2

p(x) + q(x)
≤ 4

(
p(x) log

2p(x)

p(x) + q(x)
+ q(x) log

2q(x)

p(x) + q(x)

)
.
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Summing over x gives ∑
x∈X

(p(x)− q(x))2

p(x) + q(x)
≤ 8 δ(p, q).

Now apply Cauchy–Schwarz:∑
x

f(x)|p(x)− q(x)| =
∑
x

(
f(x)

√
p(x) + q(x)

)
· |p(x)− q(x)|√

p(x) + q(x)

≤

(∑
x

f(x)2 (p(x) + q(x))

)1/2(∑
x

(p(x)− q(x))2

p(x) + q(x)

)1/2

≤
(

8δ(p, q)
)1/2

·

(∑
x

f(x)2 (p(x) + q(x))

)1/2

.

Lemma 6.2.12. For any probability measures µ, ν on a group G and any g ∈ G,

H(µ ∗ ν)−H(ν) ≥ 2 min{µ(e), µ(g)} δ(ν, gν).

Proof. For h ∈ G we view hν as a translate of ν in the sense of the preceding subsection.
Since left translation is a bijection of G, we have H(hν) = H(ν) for all h.

Set α := min{µ(e), µ(g)}. Define a subprobability measure µ̃ := µ−α δe−α δg. Then
µ̃ ≥ 0 and ‖µ̃‖1 = 1− 2α. If α < 1

2
, set µ′ := µ̃/(1− 2α) ∈ P(G); if α = 1

2
we may choose

any µ′ ∈ P(G). Convolving with ν gives the convex decomposition

µ ∗ ν = α ν + α (gν) + (1− 2α) (µ′ ∗ ν).

By concavity of H,

H(µ ∗ ν) ≥ 2αH

(
ν + gν

2

)
+ (1− 2α)H(µ′ ∗ ν)

≥ 2αH

(
ν + gν

2

)
+ (1− 2α)H(ν),

where the second inequality uses again concavity of H applied to the convex combination
µ′ ∗ ν =

∑
h∈G µ

′(h) (hν) and the fact that all H(hν) equal H(ν). Subtracting H(ν) and
using H(gν) = H(ν) yields

H(µ ∗ ν)−H(ν) ≥ 2α

(
H

(
ν + gν

2

)
− H(ν) +H(gν)

2

)
= 2α δ(ν, gν),

as claimed.

6.3 The Liouville property

Definition 6.3.1. We say that (G, µ) has the Liouville property if every bounded µ-
harmonic function is constant. Equivalently, Πµ(G) = {∗}.

Theorem 6.3.2. Let G be countable and let µ ∈ P(G) be non-degenerate and assume
that H(µ) <∞. If h(µ) = 0, then (G, µ) has the Liouville property.
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Proof. Assume h(µ) = 0. Fix g ∈ G. Choose m ≥ 1 such that µ∗m(g) > 0. Set

αg := min{µ∗m(e), µ∗m(g)}.

If αg = 0, replace µ by the lazy measure µ′ := 1
2
(µ + δe). Then H(µ′) < ∞, h(µ′) = 0,

and µ′∗m(e) > 0 as well as µ′∗m(g) > 0; moreover, µ-harmonic and µ′-harmonic functions
coincide. Thus we may assume αg > 0.

Since h(µ) = 0, we have Hn = o(n). We claim that

lim inf
n→∞

(
Hn+m −Hn

)
= 0. (6.5)

Indeed, if Hn+m −Hn ≥ ε for all n ≥ N , then iterating gives HN+km ≥ HN + kε, hence

HN+km

N + km
≥ kε

N + km
−−−→
k→∞

ε

m
,

contradicting Hn/n→ 0.
Choose a sequence nk → ∞ with Hnk+m − Hnk → 0. Apply Lemma 6.2.12 with µ

replaced by µ∗m and ν := µ∗nk :

Hnk+m −Hnk ≥ 2αg δ
(
µ∗nk , gµ∗nk

)
.

Hence δ(µ∗nk , gµ∗nk)→ 0. Now Lemma 6.2.11 applied with f ≡ 1 gives

‖g ∗ µ∗nk − µ∗nk‖1 =
∑
x

∣∣µ∗nk(g−1x)− µ∗nk(x)
∣∣ −→ 0.

Let f ∈ `∞(G) be µ-harmonic. Then f = f ∗ µ∗nk for every k. Therefore

|f(g)− f(e)| =
∣∣(f ∗ (g ∗ µ∗nk))(e)− (f ∗ µ∗nk)(e)

∣∣ ≤ ‖f‖∞ ‖g ∗ µ∗nk − µ∗nk‖1 −−−→
k→∞

0.

Thus f(g) = f(e). Since g ∈ G was arbitrary, f is constant.

Remark 6.3.3. Conversely, if (G, µ) has the Liouville property and H(µ) < ∞, then
h(µ) = 0 (see [28]).

6.3.1 The Poisson boundary and amenability

In this section we explain how the Liouville property is related to amenability of groups.

Definition 6.3.4. Let Gy X be a continuous action on a compact Hausdorff space X.
A Borel probability measure ν on X is called µ-stationary if

ν =
∑
s∈G

µ(s) s∗ν.

Proposition 6.3.5. Assume that (G, µ) has the Liouville property. Then for every com-
pact G-space X, every µ-stationary probability measure on X is G-invariant.

Proof. Let ν be µ-stationary on X, and let f ∈ C(X). Define hf ∈ `∞(G) by

hf (g) :=

∫
X

f(g · x) dν(x).
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Then hf is µ-harmonic: for every g ∈ G,

(Phf )(g) =
∑
s

µ(s)hf (gs) =
∑
s

µ(s)

∫
X

f(gs · x) dν(x)

=

∫
X

f(g · x) d
(∑

s

µ(s) s∗ν
)

(x) =

∫
X

f(g · x) dν(x) = hf (g).

Since (G, µ) has the Liouville property, hf is constant. Evaluating at g = e and g ∈ G
gives ∫

X

f(g · x) dν(x) =

∫
X

f(x) dν(x) (g ∈ G),

so ν is G-invariant.

Lemma 6.3.6. Let µ ∈ P(G). Assume that for every g ∈ G one has ‖g ∗µ∗n−µ∗n‖1 → 0
as n→∞. Then (G, µ) has the Liouville property.

Proof. Let f ∈ H(G, µ). Since f is harmonic, f = f ∗ µ∗n for all n. Hence, for every
g ∈ G,

|f(g)− f(e)| =

∣∣∣∣∣∑
x

f(x) (g ∗ µ∗n)(x)−
∑
x

f(x)µ∗n(x)

∣∣∣∣∣
≤ ‖f‖∞ ‖g ∗ µ∗n − µ∗n‖1 −−−→

n→∞
0.

Thus f(g) = f(e) for all g, i.e. f is constant.

Theorem 6.3.7. Let G be a countable group. If G is amenable, then there exists a
probability measure µ ∈ P(G) such that

‖g ∗ µ∗n − µ∗n‖1 −→ 0 (n→∞)

for every g ∈ G.

Proof. Fix an increasing exhaustion by finite sets {e} =: S0 ⊆ S1 ⊆ · · · ⊆ G with⋃
m Sm = G. Choose a sequence of weights (τm)m≥0 with τm > 0 and

∑
m τm = 1.

By amenability, for every finite set F ⊆ G and every ε > 0 there exists a finitely
supported θ ∈ P(G) such that

‖h ∗ θ − θ‖1 < ε (h ∈ F ).

We construct inductively a sequence (αm)m≥0 of finitely supported probability measures
and a sequence (nm)m≥1 of positive integers with the following properties:

(i) Sm ⊆ supp(αm) for all m;

(ii) for m ≥ 1 one has

‖h ∗ αm − αm‖1 <
1

m

(
h ∈ Sm ∪ (suppαm−1)nm

)
. (6.6)

(iii) for m ≥ 1 one has
Sm ∪ (suppαm−1)nm ⊆ supp(αm). (6.7)
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Start with any finitely supported α0 with S0 ⊆ supp(α0). Assume αm−1 has been chosen.
Pick nm ≥ 1 so large that (m−1∑

j=0

τj

)nm
<

1

m
. (6.8)

Increasing nm if necessary, we may assume that (nm)m≥1 is nondecreasing. Amenability
yields for the finite set Fm := Sm ∪ (suppαm−1)nm and ε := 1/m a finitely supported θ
with ‖h ∗ θ − θ‖1 < 1/m for all h ∈ Fm. Let Em := Fm ∪ supp(θ) and let ηm be the
uniform probability measure on Em. Choose εm ∈ (0, 1) so small that

εm ‖h ∗ ηm − ηm‖1 <
1

m
− ‖h ∗ θ − θ‖1 (h ∈ Fm).

Then the convex combination αm := (1− εm) θ+ εm ηm still satisfies (6.6) for all h ∈ Fm,
and by construction we have (6.7).

Define µ :=
∑

m≥0 τm αm ∈ P(G) and fix m ≥ 1 and g ∈ Sm−1. We set ` := nm. We

claim that if k = (k1, . . . , k`) ∈ N` \ {0, 1, . . . ,m− 1}` and we write

θk := αk1 ∗ · · · ∗ αk` ,

then

‖g ∗ θk − θk‖1 ≤
2

m
.

θ1 := αk1 ∗ · · · ∗ αkj−1
, β := αkj , θ2 := αkj+1

∗ · · · ∗ αk` ,
so that θk = θ1 ∗ β ∗ θ2. Since left translation interacts with convolution by

g ∗ (ν ∗ ρ) = (g ∗ ν) ∗ ρ (ν, ρ ∈ P(G)),

we have g ∗ θk = (g ∗ θ1) ∗ β ∗ θ2. Consequently, using `1-contractivity of convolution,

‖g ∗ θk − θk‖1 = ‖
(
(g ∗ θ1) ∗ β − θ1 ∗ β

)
∗ θ2‖1 ≤ ‖(g ∗ θ1) ∗ β − θ1 ∗ β‖1.

We now estimate ‖(g ∗ θ1) ∗ β − θ1 ∗ β‖1. If j = 1, then θ1 = δe and the expression
reduces to ‖g ∗ β− β‖1, which is < 1/m because g ∈ Sm−1 ⊆ Sk1 and (6.6) applies to αk1 .
Assume j ≥ 2. Since ki < m for i < j and the supports are increasing by (6.7), we have
supp(αki) ⊆ supp(αm−1) for all i < j. Hence

supp(θ1) ⊆ (suppαm−1)j−1 ⊆ (suppαm−1)` ⊆ (suppαm−1)nkj ⊆ (suppαkj−1)nkj .

Also g ∈ Sm−1 ⊆ supp(αm−1) by (6.7), so supp(g ∗ θ1) ⊆ (suppαm−1)` ⊆ (suppαkj−1)nkj .
Now observe that

θ1 ∗ β =
∑

h∈supp(θ1)

θ1(h) (h ∗ β), (g ∗ θ1) ∗ β =
∑

h∈supp(g∗θ1)

(g ∗ θ1)(h) (h ∗ β).

Therefore, by the triangle inequality and (6.6) applied to β = αkj (note that kj ≥ m),

‖β − θ1 ∗ β‖1 ≤
∑

h∈supp(θ1)

θ1(h) ‖β − h ∗ β‖1 <
1

m
,

and similarly ‖β − (g ∗ θ1) ∗ β‖1 < 1/m. Hence

‖(g ∗ θ1) ∗ β − θ1 ∗ β‖1 ≤ ‖(g ∗ θ1) ∗ β − β‖1 + ‖β − θ1 ∗ β‖1 <
2

m
.
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This proves our claim.
We now aim at proving ‖g ∗ µ∗` − µ∗`‖1 <

4
m

. Write

µ∗` =
∑
k∈N`

τk1 · · · τk` θk.

Split the sum as µ∗` = ν1 + ν2, where ν1 is the partial sum over k ∈ {0, 1, . . . ,m− 1}` and
ν2 is the complementary sum. Then

‖g ∗ ν1 − ν1‖1 ≤ ‖g ∗ ν1‖1 + ‖ν1‖1 = 2 ‖ν1‖1 = 2
(m−1∑
j=0

τj

)`
<

2

m

by (6.8). On the other hand, Claim 1 gives

‖g ∗ ν2 − ν2‖1 ≤
∑

k/∈{0,...,m−1}`
τk1 · · · τk` ‖g ∗ θk − θk‖1 ≤

2

m
.

Hence ‖g ∗ µ∗` − µ∗`‖1 ≤ ‖g ∗ ν1 − ν1‖1 + ‖g ∗ ν2 − ν2‖1 < 4/m, proving our claim.
Thus, for every g ∈ Sm−1 we have ‖g ∗ µ∗nm − µ∗nm‖1 → 0 as m→∞. Moreover, for

any n ≥ nm,

‖g ∗ µ∗n − µ∗n‖1 = ‖(g ∗ µ∗nm − µ∗nm) ∗ µ∗(n−nm)‖1 ≤ ‖g ∗ µ∗nm − µ∗nm‖1,

so the same convergence holds along the full sequence n→∞. In particular, ‖g ∗ µ∗nm −
µ∗nm‖1 → 0 along the subsequence nm. Since

⋃
m Sm = G, this proves the theorem.

Theorem 6.3.8. For a countable group G, the following are equivalent:

(i) G is amenable;

(ii) there exists µ ∈ P(G) such that (G, µ) has the Liouville property.

Proof. (2)⇒(1): assume that (G, µ) has the Liouville property. Consider the left trans-
lation action of G on the Stone–Čech compactification βG. The compact convex set of
probability measures on βG contains µ-stationary measures e.g. weak-∗ accumulation
points of the Cesàro averages 1

N

∑N
n=1 µ

∗n ∗ δx. By Proposition 6.3.5, every µ-stationary
measure is G-invariant. An invariant probability measure on βG induces a left-invariant
mean on C(βG) ∼= `∞(G). Thus G is amenable.

(1)⇒(2): by Theorem 6.3.7, if G is amenable then there exists µ ∈ P(G) such that
‖g ∗ µ∗n − µ∗n‖1 → 0 for every g ∈ G. Moreover, in the construction of µ in the proof of
Theorem 6.3.7 one has Sm ⊆ supp(αm) for all m and τm > 0 for all m, hence supp(µ) = G.
By Lemma 6.3.6, (G, µ) has the Liouville property.

6.3.2 Slow entropy growth

Definition 6.3.9. A finitely generated group G has slow entropy growth if there exists
a finitely supported symmetric nondegenerate probability measure µ with µ(e) > 0 such
that

lim inf
n→∞

n
(
H(µ∗(n+1))−H(µ∗n)

)
< ∞.

Lemma 6.3.10. If G has polynomial growth, then G has slow entropy growth for any
symmetric finitely supported measure µ ∈ P(G).
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Proof. Set Hn := H(µ∗n). Let p be a probability measure with finite support A. If X is
an A-valued random variable with law p, then by concavity of log,

H(p) = E
[
log

1

p(X)

]
≤ log

(
E
[ 1

p(X)

])
= log

(∑
x∈A

p(x)
1

p(x)

)
= log |A|.

Applying this to p = µ∗n gives Hn ≤ log | supp(µ∗n)|.
Fix a finite generating set S of G and choose R ≥ 1 such that supp(µ) ⊆ BS(R). Then

every product of n elements from supp(µ) lies in BS(nR), hence

supp(µ∗n) ⊆ BS(nR).

Since G has polynomial growth, there exist constants C, d > 0 such that |BS(r)| ≤ Crd

for all r ≥ 1. Therefore

Hn ≤ log |BS(nR)| ≤ log(C(nR)d) = logC + d logR + d log n ≤ C0 + d log n

for a constant C0 independent of n.
We claim

lim inf
n→∞

n
(
Hn+1 −Hn

)
≤ d,

which in particular implies that the liminf in Definition 6.3.9 is finite.
Indeed, suppose for contradiction that there exists ε > 0 and N such that

Hn+1 −Hn ≥
d+ ε

n
for all n ≥ N.

Then for n > N we can sum the increments to obtain

Hn ≥ HN + (d+ ε)
n−1∑
k=N

1

k
.

Using the standard estimate
∑n−1

k=N
1
k
≥ log n

N
, we get

Hn ≥ (d+ ε) log n+ const,

contradicting the upper bound Hn ≤ C0 + d log n for large n. This proves the claim.



Chapter 7

Non-commutative harmonic analysis

7.1 Definitions

Let H be a complex vector space. An inner product on H is a map 〈·, ·〉 : H × H → C
which is linear in the first variable, conjugate-linear in the second, and satisfies

〈ξ, ξ〉 ≥ 0 with equality iff ξ = 0, 〈ξ, η〉 = 〈η, ξ〉.

The induced norm is ‖ξ‖ := 〈ξ, ξ〉1/2. The pair (H, 〈·, ·〉) is a Hilbert space if it is complete
for this norm. We write B(H) for the algebra of bounded linear operators T : H → H.
For T ∈ B(H) define

‖T‖ := sup{‖Tξ‖ : ξ ∈ H, ‖ξ‖ = 1}.

Then ‖Tξ‖ ≤ ‖T‖ ‖ξ‖ for all ξ ∈ H, and ‖ST‖ ≤ ‖S‖ ‖T‖ for all S, T ∈ B(H). The
strong operator topology (SOT) on B(H) is the topology of pointwise convergence on H:

Ti → T strongly ⇐⇒ ‖Tiξ − Tξ‖ → 0 for all ξ ∈ H.

The weak operator topology (WOT) on B(H) is the topology of pointwise convergence of
matrix coefficients:

Ti → T weakly ⇐⇒ 〈Tiξ, η〉 → 〈Tξ, η〉 for all ξ, η ∈ H.

In particular, strong convergence implies weak convergence. Let G be a countable group.
A unitary representation of G on a Hilbert space H is a group homomorphism

π : G→ U(H) := {U ∈ B(H) : U∗U = UU∗ = 1}.

For a countable group G, define λ : G→ U(`2(G)) by

(λ(g)f)(x) := f(g−1x) (g, x ∈ G, f ∈ `2(G)).

This gives a unitary representation, called the left-regular representation.

Definition 7.1.1. Let G be a countable group and let λ : G → U(`2(G)) be the left-
regular representation. The reduced group C∗-algebra C∗r (G) is

C∗r (G) := span‖·‖{λ(g) : g ∈ G} ⊆ B(`2(G)).

Equivalently, C∗r (G) is the smallest C∗-subalgebra of B(`2(G)) containing λ(G).

87
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Let G be a countable group. For f, g ∈ `1(G) we define the convolution f ∗ g ∈ `1(G)
by

(f ∗ g)(x) :=
∑
y∈G

f(y) g(y−1x) (x ∈ G).

For f ∈ `1(G) we define the (left) convolution operator λ(f) on `2(G) by

(λ(f)ξ)(x) :=
∑
y∈G

f(y) ξ(y−1x) (x ∈ G, ξ ∈ `2(G)).

The next lemma records the basic C∗-algebraic properties of this assignment.

Lemma 7.1.2. Let G be a countable group. For every f ∈ `1(G), the operator λ(f) is
bounded and belongs to C∗r (G). Moreover, for all f, g ∈ `1(G) one has λ(f ∗g) = λ(f)λ(g)
and ‖λ(f)‖ ≤ ‖f‖1. In particular, if µ ∈ P(G) is a probability measure (so µ ∈ `1(G)
with ‖µ‖1 = 1), then Tµ := λ(µ) is a contraction and

Tµ∗ν = TµTν (µ, ν ∈ P(G)).

Proof. For f ∈ `1(G) and ξ ∈ `2(G), the formula

(λ(f)ξ)(x) =
∑
y∈G

f(y) ξ(y−1x)

defines the usual left-convolution operator. Young’s inequality gives ‖λ(f)ξ‖2 ≤ ‖f‖1 ‖ξ‖2,
hence ‖λ(f)‖ ≤ ‖f‖1 and the defining series for λ(f) converges in operator norm.

To see that λ(f) ∈ C∗r (G), approximate f in `1(G) by finitely supported functions
fn. Then ‖λ(fn) − λ(f)‖ ≤ ‖fn − f‖1 → 0 by the norm estimate above, and each λ(fn)
belongs to the linear span of {λ(g) : g ∈ G}. Since C∗r (G) is the operator-norm closure of
that span, it follows that λ(f) ∈ C∗r (G).

To check multiplicativity, compute for ξ ∈ `2(G) and x ∈ G:(
λ(f)λ(g)ξ

)
(x) =

∑
y∈G

f(y) (λ(g)ξ)(y−1x) =
∑
y∈G

f(y)
∑
z∈G

g(z) ξ(z−1y−1x)

=
∑
w∈G

(∑
y∈G

f(y) g(y−1w)

)
ξ(w−1x) =

∑
w∈G

(f ∗ g)(w) ξ(w−1x)

=
(
λ(f ∗ g)ξ

)
(x).

Thus λ(f ∗g) = λ(f)λ(g). The final statements follow by specializing to f = µ, g = ν.

Definition 7.1.3. Let G be a countable group and let δe ∈ `2(G) denote the delta function
at the identity. The canonical trace on C∗r (G) is the linear functional τ : C∗r (G) → C
defined by

τ(a) := 〈a δe, δe〉 (a ∈ C∗r (G)).

Lemma 7.1.4. Let G be a countable group and let τ be the canonical trace on C∗r (G).
Then τ is positive. Moreover, if a ∈ C∗r (G) satisfies a ≥ 0 and τ(a) = 0, then a = 0.

Proposition 7.1.5. Let G be a countable group. Then τ is a tracial state on C∗r (G) and
satisfies τ(λ(f)) = f(e) for all f ∈ `1(G). In particular, for µ ∈ P(G) and n ≥ 1 one has

τ(T nµ ) = µ∗n(e),

so the return probability at time n of the µ-random walk equals the trace of T nµ .
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Proof. Linearity is immediate from the definition. By Lemma 7.1.4, τ is positive. Also
τ(1) = ‖δe‖2

2 = 1, so τ is a state.
For f ∈ `1(G),

τ(λ(f)) = 〈λ(f)δe, δe〉 = (λ(f)δe)(e) =
∑
x∈G

f(x) δe(x
−1e) = f(e).

To see that τ is a trace, it suffices by density to check it on the span of {λ(g) : g ∈ G}.
For g, h ∈ G,

τ(λ(g)λ(h)) = τ(λ(gh)) = δgh,e = δhg,e = τ(λ(hg)) = τ(λ(h)λ(g)),

and bilinearity gives τ(ab) = τ(ba) on the dense ∗-subalgebra, hence on C∗r (G) by conti-
nuity.

Finally, by the previous lemma T nµ = λ(µ)n = λ(µ∗n), so

τ(T nµ ) = τ(λ(µ∗n)) = µ∗n(e).

7.2 Almost invariant vectors and amenability

Definition 7.2.1. Let G be finitely generated and π : G → U(H) a unitary representa-
tion. We say that π has almost invariant vectors if there exists a sequence of unit vectors
(ξn)n≥1 ⊂ H such that for some (equivalently, any) finite generating set S of G one has

max
s∈S
‖π(s)ξn − ξn‖ −→ 0 (n→∞).

We now relate amenability of G to almost invariant vectors for the left-regular rep-
resentation and to the spectral behavior of the Markov operator of a random walk. The
following two lemmas show that amenability of G is equivalent to the existence of almost
invariant vectors for λ.

Lemma 7.2.2. Let G be an infinite finitely generated amenable group and let λ : G →
U(`2(G)) be the left-regular representation. Then λ has almost invariant vectors.

Proof. Fix a finite generating set S of G. Since G is amenable, there exists a Følner
sequence (Fn)n≥1 for S, meaning

|sFn4Fn|
|Fn|

−→ 0 (n→∞)

for every s ∈ S. Set ξn := |Fn|−1/2 1Fn ∈ `2(G). Then ‖ξn‖2 = 1 and, for s ∈ S,

‖λ(s)ξn − ξn‖2
2 =
‖1sFn − 1Fn‖2

2

|Fn|
=
|sFn4Fn|
|Fn|

−→ 0.

Hence λ has almost invariant vectors.

Lemma 7.2.3. Let G be finitely generated. Assume that the left-regular representation
λ : G→ U(`2(G)) has almost invariant vectors. Then G is amenable.
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Proof. Fix a finite generating set S. Let (ξn) be unit vectors in `2(G) with maxs∈S ‖λ(s)ξn−
ξn‖2 → 0. Set ηn := |ξn| pointwise. Then ‖ηn‖2 = ‖ξn‖2 = 1 and, since λ(s) acts by
permuting coordinates,

‖λ(s)ηn − ηn‖2
2 =

∑
x∈G

∣∣ηn(s−1x)− ηn(x)
∣∣2 ≤∑

x∈G

∣∣ξn(s−1x)− ξn(x)
∣∣2 = ‖λ(s)ξn − ξn‖2

2.

Hence also maxs∈S ‖λ(s)ηn − ηn‖2 → 0. Define pn ∈ `1(G) by pn(x) := ηn(x)2. Then
pn ≥ 0 and

∑
x pn(x) = ‖ηn‖2

2 = 1, so pn ∈ P(G). Moreover, for s ∈ S we estimate using
Cauchy–Schwarz:

‖spn − pn‖1 =
∑
x∈G

∣∣pn(s−1x)− pn(x)
∣∣ =

∑
x

|ηn(s−1x)− ηn(x)|
(
ηn(s−1x) + ηn(x)

)
≤
(∑

x

|ηn(s−1x)− ηn(x)|2
)1/2(∑

x

(
ηn(s−1x) + ηn(x)

)2
)1/2

≤ ‖λ(s)ηn − ηn‖2 · 2‖ηn‖2 = 2‖λ(s)ηn − ηn‖2.

Thus maxs∈S ‖spn − pn‖1 → 0. For each n define a (countably additive) probability
measure on G by

mn(A) :=
∑
g∈G

1A(g) |ξn(g)|2 =
∑
g∈A

pn(g) (A ⊆ G).

Equivalently, define a mean Mn : `∞(G)→ R by

Mn(f) :=
∑
g∈G

f(g) pn(g) (f ∈ `∞(G)).

Then Mn is positive and Mn(1) = 1. Moreover, for s ∈ S and f ∈ `∞(G),∣∣Mn(s · f)−Mn(f)
∣∣ =

∣∣∣∑
g∈G

f(g)
(
pn(s−1g)− pn(g)

)∣∣∣ ≤ ‖f‖∞ ‖spn − pn‖1.

Since maxs∈S ‖spn − pn‖1 → 0, the means Mn are asymptotically left S-invariant. By
weak-∗ compactness of the unit ball of (`∞(G))∗, there exists a weak-∗ accumulation
point M of (Mn). The above inequality implies that M is left S-invariant, hence left
G-invariant since S generates G. By Theorem 4.1.7, the existence of a left G-invariant
mean on `∞(G) is equivalent to amenability. Therefore G is amenable.

Definition 7.2.4. Let G be finitely generated and let µ ∈ P(G) be finitely supported.
The Markov operator (or averaging operator) of µ is

Mµ := Tµ = λ(µ) =
∑
g∈G

µ(g)λ(g) ∈ C∗r (G) ⊆ B(`2(G)).

If µ is symmetric then Mµ is self-adjoint.

Lemma 7.2.5. Let G be finitely generated and let µ ∈ P(G) be finitely supported and
symmetric, with supp(µ) generating G. Then ‖Mµ‖ ≤ 1. Moreover, the following are
equivalent:

(i) ‖Mµ‖ = 1.
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(ii) The left-regular representation λ has almost invariant vectors.

Proof. Since ‖λ(µ)‖ ≤ ‖µ‖1 = 1 by Lemma 7.1.2, we have ‖Mµ‖ ≤ 1.
Assume first that λ has almost invariant vectors for some finite symmetric generating

set S. Since supp(µ) is finite, it is contained in some finite symmetric generating set
(replace S by S ∪ supp(µ) if needed). Take unit vectors ξn with maxs∈supp(µ) ‖λ(s)ξn −
ξn‖2 → 0. Then

‖Mµξn − ξn‖2 =
∥∥∥∑

s

µ(s)
(
λ(s)ξn − ξn

)∥∥∥
2
≤
∑
s

µ(s) ‖λ(s)ξn − ξn‖2 −→ 0.

Since ‖Mµ‖ ≤ 1 and ‖Mµξn‖2 → 1, it follows that ‖Mµ‖ = 1.
Conversely, assume ‖Mµ‖ = 1. Since µ is symmetric, Mµ is self-adjoint. Therefore

‖Mµ‖ = sup‖ξ‖=1〈Mµξ, ξ〉. Pick unit vectors ξn with 〈Mµξn, ξn〉 → 1. For each s ∈ supp(µ)
we have

‖λ(s)ξ − ξ‖2
2 = 2− 2<〈λ(s)ξ, ξ〉.

Since µ is symmetric, 〈Mµξ, ξ〉 =
∑

s µ(s)<〈λ(s)ξ, ξ〉, and hence

1− 〈Mµξ, ξ〉 =
1

2

∑
s

µ(s) ‖λ(s)ξ − ξ‖2
2.

Applying this to ξ = ξn shows that the µ-average of ‖λ(s)ξn − ξn‖2
2 tends to 0. Since

supp(µ) is finite and mins∈supp(µ) µ(s) > 0, it follows that

max
s∈supp(µ)

‖λ(s)ξn − ξn‖2 −→ 0.

Thus λ has almost invariant vectors.

Theorem 7.2.6 (Kesten’s criterion). Let G be a finitely generated group. The following
are equivalent:

(i) G is amenable.

(ii) The left-regular representation λ : G→ U(`2(G)) has almost invariant vectors.

(iii) There exists a finitely supported symmetric probability measure µ ∈ P(G) with
supp(µ) generating G such that the Markov operator Mµ satisfies ‖Mµ‖ = 1.

Proof. (1)⇒(2) is Lemma 7.2.2. (2)⇒(1) is Lemma 7.2.3. (2)⇒(3): choose any finitely
supported symmetric probability measure µ whose support generates G (for example,
the uniform measure on a finite symmetric generating set). Then Lemma 7.2.5 gives
‖Mµ‖ = 1. (3)⇒(2) is also Lemma 7.2.5.

We can also interpret the above in terms of random walks. If µ is as in the theorem,
then by Proposition 7.1.5 we have

µ∗n(e) = τ(Mn
µ ) (n ≥ 1).

Lemma 7.2.7. Let G be finitely generated and let µ ∈ P(G) be finitely supported and
symmetric. Let Mµ ∈ C∗r (G) be the associated Markov operator. We have

µ∗2n(e) ≤ ‖Mµ‖2n for all n ≥ 1 and lim
n→∞

(
µ∗2n(e)

)1/2n
= ‖Mµ‖.
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Proof. Since µ is symmetric, Mµ is self-adjoint. By Proposition 7.1.5,

µ∗2n(e) = τ(M2n
µ ).

For any positive operator A in a C∗-algebra and any state ϕ, one has 0 ≤ ϕ(A) ≤ ‖A‖.
Applying this with A = M2n

µ and ϕ = τ gives

µ∗2n(e) = τ(M2n
µ ) ≤ ‖M2n

µ ‖ = ‖Mµ‖2n.

Let B := C∗(Mµ) ⊆ C∗r (G) be the unital abelian C∗-subalgebra generated by Mµ. By
functional calculus, B ∼= C(σ(Mµ)), where σ(Mµ) ⊂ R is the spectrum of Mµ.

The restriction of the canonical trace τ to B is a positive linear functional with τ(1) =
1; hence it corresponds to a probability measure ν on σ(Mµ) such that

τ(f(Mµ)) =

∫
σ(Mµ)

f(t) dν(t) (f ∈ C(σ(Mµ))).

Since τ is faithful on C∗r (G) by Lemma 7.1.4, it is faithful on B, and therefore ν has full
support on σ(Mµ).

Applying this to f(t) = t2n gives

τ(M2n
µ ) =

∫
t2n dν(t).

By Proposition 7.1.5, τ(M2n
µ ) = µ∗2n(e). Hence

µ∗2n(e) =

∫
t2n dν(t).

Since |t| ≤ ‖Mµ‖ on σ(Mµ), we get(
µ∗2n(e)

)1/2n ≤ ‖Mµ‖.

For the reverse inequality, fix ε > 0. By definition of the norm of a self-adjoint element,
‖Mµ‖ = max{|t| : t ∈ σ(Mµ)}. Since ν has full support, the set {t ∈ σ(Mµ) : |t| >
‖Mµ‖ − ε} has positive ν-measure. Therefore

µ∗2n(e) =

∫
t2n dν(t) ≥ (‖Mµ‖ − ε)2n ν

(
{|t| > ‖Mµ‖ − ε}

)
,

and taking 2n-th roots and letting n→∞ yields

lim inf
n→∞

(
µ∗2n(e)

)1/2n ≥ ‖Mµ‖ − ε.

Since ε > 0 is arbitrary, we obtain the result.

7.3 Kazhdan’s property (T)

7.3.1 Definitions and basic consequences

Definition 7.3.1. A countable group G has property (T) if every unitary representation
π : G→ U(H) with almost invariant vectors has a non-zero invariant vector.
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We recall that the left-regular representation λ : G → U(`2(G)) was defined in Sec-
tion 7.1.

Lemma 7.3.2. If G is infinite amenable, then G does not have property (T).

Proof. Fix a finite generating set S of G and let λ : G → U(`2(G)) be the left-regular
representation. By Lemma 7.2.2 (proved in Section 7.2), the representation λ has almost
invariant vectors.

On the other hand, an invariant vector for λ is a function f ∈ `2(G) with f(s−1x) =
f(x) for all s ∈ S and x ∈ G; since S generates G, this forces f to be constant. As G
is infinite, the only constant vector in `2(G) is 0, so λ has no non-zero invariant vectors.
Therefore G cannot have property (T).

Lemma 7.3.3. If a countable group G has property (T), then G is finitely generated.

Proof. Assume towards a contradiction that G is not finitely generated. Since G is count-
able, we may write it as an increasing union of finitely generated subgroups

G =
⋃
i≥1

Gi, G1 ≤ G2 ≤ · · · ,

with Gi 6= G for all i. In particular, [G : Gi] = ∞ for all i (otherwise G would be a
finite-index extension of the finitely generated group Gi and hence finitely generated).

For each i, consider the quasi-regular representation ρi of G on `2(G/Gi),

(ρi(g)f)(xGi) := f(g−1xGi).

Let δGi ∈ `2(G/Gi) be the delta function at the trivial coset Gi. Then δGi is fixed by Gi.
Let ρ :=

⊕
i≥1 ρi on H :=

⊕
i≥1 `

2(G/Gi) and let ξi ∈ H be the unit vector supported
in the i-th summand equal to δGi . For every finite subset K ⊆ G, choose i such that
K ⊆ Gi. Then ρ(g)ξi = ξi for all g ∈ K. Hence (ξi) is a sequence of almost invariant
vectors for ρ.

On the other hand, `2(G/Gi) has a non-zero G-invariant vector if and only if [G : Gi] <
∞ (it must be a non-zero constant function), which never happens. Therefore ρ has no
non-zero invariant vector. This contradicts property (T). Thus G is finitely generated.

7.3.2 Cocycles, coboundaries and harmonic functions

Definition 7.3.4. Let π : G→ U(H) be unitary. A map b : G→ H is a 1-cocycle if

b(gx) = b(g) + π(g)b(x) (g, x ∈ G).

A 1-coboundary is b(g) = ξ − π(g)ξ for some ξ ∈ H. An approximate coboundary is a
cocycle b for which there exists a sequence (ξn) in H such that for every finite K ⊆ G one
has

max
g∈K

∥∥b(g)− (ξn − π(g)ξn)
∥∥ −→ 0 (n→∞).

Equivalently, it is a limit of coboundaries for the topology of uniform convergence on
finite subsets of G. Denote by Z1(G, π) the space of 1-cocycles, by B1(G, π) the space
of 1-coboundaries, and by B1(G, π) the space of approximate coboundaries. The reduced
cohomology is

H1
red(G, π) := Z1(G, π)/B1(G, π).
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Fix a finitely supported symmetric probability measure µ on G with µ(e) > 0 and
supp(µ) generating G.

Definition 7.3.5. A cocycle b ∈ Z1(G, π) is µ-harmonic if∑
x∈G

µ(x) b(x) = 0,

equivalently
∑

x µ(x) b(gx) = b(g) for all g ∈ G.

Proposition 7.3.6. Every class in H1
red(G, π) has a unique µ-harmonic representative.

Proof. Set E := supp(µ), which is finite and generates G. Define an inner product on
Z1(G, π) by

〈b, c〉Z1 :=
∑
x∈G

µ(x) 〈b(x), c(x)〉 =
∑
x∈E

µ(x) 〈b(x), c(x)〉,

so that ‖b‖2
Z1 := 〈b, b〉Z1 . For ξ ∈ H let ∂ξ ∈ B1(G, π) denote the coboundary ∂ξ(g) :=

ξ − π(g)ξ. Fix b ∈ Z1(G, π) and compute, using unitarity of π and symmetry of µ,

〈b, ∂ξ〉Z1 =
∑
x∈G

µ(x) 〈b(x), ξ − π(x)ξ〉

=
〈∑

x

µ(x) b(x), ξ
〉
−
∑
x

µ(x) 〈b(x), π(x)ξ〉

=
〈∑

x

µ(x) b(x), ξ
〉
−
∑
x

µ(x) 〈π(x−1)b(x), ξ〉

=
〈∑

x

µ(x) b(x), ξ
〉
−
∑
y

µ(y) 〈π(y)b(y−1), ξ〉.

Here we substituted y = x−1 and used µ(y) = µ(y−1). Since b is a cocycle, evaluating
the cocycle identity at e = yy−1 gives b(y−1) = −π(y−1)b(y), hence π(y)b(y−1) = −b(y).
Therefore

〈b, ∂ξ〉Z1 = 2
〈∑
x∈G

µ(x) b(x), ξ
〉
.

Consequently,

b ⊥ B1(G, π) ⇐⇒
∑
x∈G

µ(x) b(x) = 0.

The right-hand condition is precisely the µ-harmonicity of b.
Let B1(G, π) be the closure of B1(G, π) inside the Hilbert space Z1(G, π). Then

B1(G, π) is a closed subspace, so every b ∈ Z1(G, π) has a unique orthogonal decomposi-
tion

b = b0 + b1, b0 ∈ B1(G, π), b1 ∈ B1(G, π)⊥.

By Step 2, b1 is µ-harmonic. Also b− b1 = b0 ∈ B1(G, π), so b and b1 represent the same

class in H
1
(G, π). If b′1 is another µ-harmonic cocycle representing the same class, then

b1− b′1 ∈ B1(G, π) and b1− b′1 ∈ B1(G, π)⊥, hence b1 = b′1. Finally, by definition, b1 is the
orthogonal projection of b onto B1(G, π)⊥.
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7.3.3 The Delorme–Guichardet theorem

We now recast the first cohomology language in terms of fixed points for affine actions.
See [10, 24].

Definition 7.3.7. Let H be a Hilbert space. An affine isometric action of a group G on
H is a homomorphism

α : G→ Isom(H),

where Isom(H) denotes the group of affine isometries of H.

Lemma 7.3.8. Let α be an affine isometric action of G on a Hilbert space H. Then for
every g ∈ G there exist unique elements π(g) ∈ U(H) and b(g) ∈ H such that

α(g)ξ = π(g)ξ + b(g) (g ∈ G, ξ ∈ H).

The map π : G → U(H) is a unitary representation and b : G → H is a 1-cocycle for π.
Conversely, given a unitary representation π and a 1-cocycle b, the above formula defines
an affine isometric action.

Proof. Fix g ∈ G. Since α(g) is an affine isometry, the map ξ 7→ α(g)ξ − α(g)0 is a
surjective linear isometry of H, hence a unitary operator. Define

π(g)ξ := α(g)ξ − α(g)0 and b(g) := α(g)0.

Then α(g)ξ = π(g)ξ + b(g) and uniqueness is clear.
The identity α(gh) = α(g)α(h) implies

π(gh)ξ + b(gh) = α(gh)ξ = α(g)(π(h)ξ + b(h)) = π(g)π(h)ξ + π(g)b(h) + b(g),

so π(gh) = π(g)π(h) and b(gh) = b(g) + π(g)b(h). This is exactly the cocycle identity.
The converse direction is immediate from the cocycle identity.

Lemma 7.3.9. Let α(g)ξ = π(g)ξ + b(g) be an affine isometric action. Then α has a
fixed point if and only if b is a coboundary.

Proof. If ξ0 is a fixed point, then π(g)ξ0 + b(g) = ξ0 for all g, i.e. b(g) = ξ0 − π(g)ξ0, so b
is a coboundary. Conversely, if b(g) = ξ0 − π(g)ξ0, then α(g)ξ0 = ξ0 for all g.

Let π : G → U(H) be unitary and let b : G → H be a 1-cocycle. Set ψ : G → R by
ψ(g) := ‖b(g)‖2.

Lemma 7.3.10. With notation as above, the function ψ is conditionally negative definite
(see Appendix A.1).

Proof. Note that b(e) = 0 by the cocycle identity, hence ψ(e) = 0. Also b(g−1) =
−π(g−1)b(g), so ψ(g−1) = ‖b(g−1)‖2 = ‖b(g)‖2 = ψ(g).

Using the cocycle identity and unitarity of π, one checks that for all g, h ∈ G,

‖b(g−1h)‖2 = ‖b(g)− b(h)‖2.

Therefore, if
∑

i ci = 0 then∑
i,j

cicj ψ(g−1
i gj) =

∑
i,j

cicj ‖b(gi)− b(gj)‖2

= −2
∥∥∥∑

i

ci b(gi)
∥∥∥2

≤ 0.

This is exactly the defining inequality for conditional negative definiteness.
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Theorem 7.3.11 (Delorme–Guichardet). If a countable group G has property (T), then
every affine isometric action of G on a Hilbert space has a fixed point.

Proof. We prove the contrapositive.
Assume there exists an affine isometric action α of G onH without a fixed point. Write

α(g)ξ = π(g)ξ + b(g). By Lemma 7.3.9, b is not a coboundary. In particular the orbit
{b(g) : g ∈ G} = {α(g)0 : g ∈ G} is unbounded (otherwise the orbit would be bounded
and hence have a circumcenter fixed by α). Set ψ(g) := ‖b(g)‖2, which is unbounded. By
Lemma 7.3.10, ψ is conditionally negative definite. By Theorem A.1.6 in Appendix A.1,
for each t > 0 the function ϕt(g) := exp(−tψ(g)) is positive definite. Let (πt,Ht, ξt) be
the corresponding GNS construction (Appendix A.1, Theorem A.1.2), so ‖ξt‖ = 1 and

〈πt(g)ξt, ξt〉 = ϕt(g).

For any finite F ⊆ G we have maxg∈F (1−<ϕt(g))→ 0 as t ↓ 0, hence

max
g∈F
‖πt(g)ξt − ξt‖2 = 2 max

g∈F
(1−<ϕt(g)) −→ 0 (t ↓ 0),

so πt has almost invariant vectors. On the other hand, since ψ is unbounded there exists
a sequence gn with ϕt(gn) → 0. If πt had a non-zero invariant vector, then the invariant
subspace would be non-zero; since ξt is cyclic, its orthogonal projection onto the invariant
subspace would be non-zero, and hence ϕt(g) = 〈πt(g)ξt, ξt〉 would be bounded below by
a positive constant for all g, contradicting ϕt(gn) → 0. Therefore πt has no non-zero
invariant vector. Therefore G cannot have property (T).

7.3.4 Non-trivial reduced cohomology

Here, we prove that failure of (T) yields a unitary representation with non-zero reduced
first cohomology.

Theorem 7.3.12. Let G be finitely generated and not have property (T). Then there
exists a unitary representation π with H1

red(G, π) 6= 0.

Proof. We follow the argument of Ozawa, see [40, Appendix A]. Fix a non-degenerate
finitely supported symmetric probability measure µ on G with µ(e) > 0. Since G does
not have property (T), there exists a unitary representation π : G → U(H) with almost
invariant vectors but no non-zero invariant vectors. If (ξn) is almost invariant, then∑

x∈G

µ(x) ‖π(x)ξn − ξn‖ −→ 0.

The absence of invariant vectors implies the existence of a sequence εn ↓ 0 such that∑
x∈G

µ(x) ‖ξn − π(x)ξn‖2 = 2
(
1− 〈Tξn, ξn〉

)
∈ (2εn, 4εn).

Fix a free ultrafilter U on N and form the ultrapower Hilbert space HU with the
induced unitary representation πU . Define b : G→ HU by

b(x) :=
(
ε−1/2
n (ξn − π(x)ξn)

)
n→U .
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This is a 1-cocycle for πU (the cocycle identity holds coordinatewise). Moreover,∑
x∈G

µ(x) ‖b(x)‖2 = lim
n→U

ε−1
n

∑
x∈G

µ(x) ‖ξn − π(x)ξn‖2 ∈ [2, 4],

so b is non-zero. Finally,∥∥∥∑
x∈G

µ(x) b(x)
∥∥∥ = lim

n→U
ε−1/2
n ‖(1− T )ξn‖ ≤ lim

n→U
ε−1/2
n · 2εn = 0,

so b is µ-harmonic. By Proposition 7.3.6, a non-zero µ-harmonic cocycle defines a non-

trivial class in reduced cohomology. Hence [b] 6= 0 in H
1
(G, πU).

In fact we obtain the following characterization of property (T).

Corollary 7.3.13. Let G be a countable group. The following are equivalent:

(i) G has property (T).

(ii) H1(G, π) = 0 for every unitary representation π of G.

(iii) H1
red(G, π) = 0 for every unitary representation π of G.

Proof. We first prove (1)⇒(2). Let π : G → U(H) be unitary and let b ∈ Z1(G, π).
Consider the associated affine isometric action α of G on H given by

α(g)ξ := π(g)ξ + b(g) (g ∈ G, ξ ∈ H).

Then α has a fixed point ξ0 if and only if b is a coboundary, since α(g)ξ0 = ξ0 for all g is
equivalent to b(g) = ξ0 − π(g)ξ0.

Now assume that G has property (T). By Theorem 7.3.11, the action α has a fixed
point. Hence b ∈ B1(G, π), and therefore H1(G, π) = Z1(G, π)/B1(G, π) = 0.

The implication (2)⇒(3) is immediate since B1(G, π) ⊆ B1(G, π). Finally, the impli-
cation (3)⇒(1) follows from Theorem 7.3.12.

7.4 Ozawa’s proof of Gromov’s theorem

7.4.1 A spectral averaging lemma for harmonic cocycles

Definition 7.4.1. A unitary representation π is weakly mixing if it contains no non-
zero finite-dimensional invariant subspace (equivalently, π ⊗ π has no non-zero invariant
vector).

Lemma 7.4.2. Let π : G→ U(H) be weakly mixing, and let b : G→ H be a µ-harmonic
cocycle. Then

1

n

∥∥∥∥∥∑
x∈G

µ∗n(x)
(
b(x)⊗ b(x)

)∥∥∥∥∥ −−−→n→∞
0.

In particular, for every ξ ∈ H,

1

n

∑
x∈G

µ∗n(x) |〈b(x), ξ〉|2 −−−→
n→∞

0.
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Proof. Set ρ := π ⊗ π, a unitary representation of G on H⊗H. Consider the operator

T :=
∑
g∈G

µ(g) ρ(g) ∈ B(H⊗H).

It is a contraction since it is a convex combination of unitaries.
Define

ζ :=
∑
g∈G

µ(g)
(
b(g)⊗ b(g)

)
and Sn :=

∑
x∈G

µ∗n(x)
(
b(x)⊗ b(x)

)
(n ≥ 1).

We claim that for every n ≥ 1,

Sn = (1 + T + · · ·+ T n−1)ζ. (7.1)

To prove this, we first show the recursion Sn+1 = Sn + T nζ. Using µ∗(n+1) = µ∗n ∗ µ
we compute

Sn+1 =
∑
x∈G

∑
g∈G

µ∗n(x)µ(g)
(
b(xg)⊗ b(xg)

)
.

By the cocycle identity b(xg) = b(x) + π(x)b(g), hence

b(xg)⊗ b(xg) = b(x)⊗ b(x) + ρ(x)
(
b(g)⊗ b(g)

)
+ b(x)⊗ π(x)b(g) + π(x)b(g)⊗ b(x).

Summing over g with weights µ(g), the two cross terms vanish because b is µ-harmonic:
evaluating harmonicity at e gives

∑
g µ(g)b(g) = 0, hence∑

g

µ(g) π(x)b(g) = π(x)
∑
g

µ(g)b(g) = 0 and
∑
g

µ(g)π(x)b(g) = π(x)
∑
g

µ(g)b(g) = 0.

Therefore

Sn+1 =
∑
x

µ∗n(x)
(
b(x)⊗ b(x)

)
+
∑
x

µ∗n(x) ρ(x)
∑
g

µ(g)
(
b(g)⊗ b(g)

)
= Sn +

∑
x

µ∗n(x) ρ(x) ζ.

Finally, since T n =
∑

x µ
∗n(x) ρ(x), we get Sn+1 = Sn +T nζ. Iterating from S1 = ζ yields

(7.1).
Now apply the von Neumann’s mean ergodic theorem to the contraction T : the Cesàro

averages 1
n

∑n−1
k=0 T

k converge in SOT to the orthogonal projection onto Fix(T ) = ker(I −
T ). We claim Fix(T ) = {0}. Indeed, if Tη = η, then

‖η‖ = ‖Tη‖ ≤
∑
g

µ(g) ‖ρ(g)η‖ = ‖η‖,

so equality holds in the triangle inequality. This forces ρ(g)η to be independent of g for
all g with µ(g) > 0, hence ρ(g)η = η for those g. Thus η is invariant under the subgroup
generated by supp(µ). Since π is weakly mixing, it has no non-zero invariant vectors on
any non-trivial subgroup, and in particular ρ = π ⊗ π has no non-zero invariant vectors;
therefore η = 0.
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Consequently,

1

n
‖Sn‖ =

∥∥∥∥∥ 1

n

n−1∑
k=0

T k ζ

∥∥∥∥∥ −−−→n→∞
0,

which proves the first assertion.
For the second assertion, note that

|〈b(x), ξ〉|2 = 〈b(x)⊗ b(x), ξ ⊗ ξ〉,

hence
1

n

∑
x

µ∗n(x) |〈b(x), ξ〉|2 =
1

n
〈Sn, ξ ⊗ ξ〉 ≤

1

n
‖Sn‖ ‖ξ ⊗ ξ‖.

Since ‖ξ ⊗ ξ‖ = ‖ξ‖2 and 1
n
‖Sn‖ → 0, the claim follows.

7.4.2 Proof of Ozawa’s theorem

Definition 7.4.3 (Shalom). A group G has property HFD if for every weakly mixing
unitary representation π, one has H1

red(G, π) = 0.

Theorem 7.4.4 (Ozawa, [40]). If G has slow entropy growth, then G has property HFD.

Proof. Fix µ witnessing slow entropy growth (Definition 6.3.9). Let π : G → U(H) be
weakly mixing and let b ∈ Z1(G, π) be a µ-harmonic cocycle. We claim that b = 0. By
Proposition 7.3.6, this implies that H1

red(G, π) = 0 for every weakly mixing π, which is
exactly property HFD.

Set Hn := H(µ∗n). By slow entropy growth there exist a constant Cµ > 0 and a
subsequence nk →∞ such that

nk
(
Hnk+1 −Hnk

)
≤ Cµ for all k. (7.2)

Fix g ∈ supp(µ) and ξ ∈ H. Since b is µ-harmonic, it is µ∗n-harmonic for every n, i.e.∑
x∈G

µ∗n(x) b(x) = b(e) = 0 and
∑
x∈G

µ∗n(x) b(g−1x) = b(g−1).

Reindexing the second identity (substitute x 7→ gx) gives∑
x∈G

µ∗n(gx) b(x) = b(g−1).

Subtracting the first identity and taking inner products with ξ yields

|〈b(g−1), ξ〉| ≤
∑
x∈G

|〈b(x), ξ〉|
∣∣µ∗n(gx)− µ∗n(x)

∣∣. (7.3)

Apply Lemma 6.2.11 with p := µ∗n, q := g−1µ∗n (so q(x) = µ∗n(gx)), and f(x) :=
|〈b(x), ξ〉|. We obtain

|〈b(g−1), ξ〉| ≤
(
8 δ(µ∗n, g−1µ∗n)

)1/2 ·

(∑
x∈G

|〈b(x), ξ〉|2
(
µ∗n(x) + µ∗n(gx)

))1/2

. (7.4)
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The concavity defect is controlled by the entropy increment. By Lemma 6.2.12 applied
to ν = µ∗n, we have

Hn+1 −Hn = H(µ ∗ µ∗n)−H(µ∗n) ≥ 2 min{µ(e), µ(g−1)} δ(µ∗n, g−1µ∗n).

Hence

δ(µ∗n, g−1µ∗n) ≤ Hn+1 −Hn

2 min{µ(e), µ(g−1)}
. (7.5)

For the second factor in (7.4) we use a cocycle estimate. Reindexing and using
b(g−1x) = b(g−1) + π(g−1)b(x) gives∑
x∈G

µ∗n(gx) |〈b(x), ξ〉|2 =
∑
x∈G

µ∗n(x) |〈b(g−1x), ξ〉|2 =
∑
x∈G

µ∗n(x) |〈b(g−1)+π(g−1)b(x), ξ〉|2.

Using |a+ b|2 ≤ 2|a|2 + 2|b|2 and unitarity of π, we obtain∑
x∈G

µ∗n(gx) |〈b(x), ξ〉|2 ≤ 2|〈b(g−1), ξ〉|2 + 2
∑
x∈G

µ∗n(x) |〈b(x), π(g)ξ〉|2.

Therefore, if we set

An(η) :=
∑
x∈G

µ∗n(x) |〈b(x), η〉|2 (η ∈ H),

then ∑
x∈G

|〈b(x), ξ〉|2
(
µ∗n(x) + µ∗n(gx)

)
≤ 2An(ξ) + 2An(π(g)ξ) + 2|〈b(g−1), ξ〉|2. (7.6)

By Lemma 7.4.2 we have An(ξ) = o(n) and An(π(g)ξ) = o(n). Now combine (7.4),
(7.5), and (7.6), and apply the resulting estimate with n = nk from (7.2). After squaring
and using Hnk+1 −Hnk ≤ Cµ/nk we obtain

|〈b(g−1), ξ〉|2 ≤ C(g, µ)2

nk

(
o(nk) + |〈b(g−1), ξ〉|2

)
,

where C(g, µ) depends only on µ(e) and µ(g) (since µ is symmetric). Letting k → ∞
gives 〈b(g−1), ξ〉 = 0. Since ξ ∈ H was arbitrary, we conclude b(g−1) = 0, hence b(g) = 0.
Because supp(µ) generates G as a semigroup, the cocycle identity forces b ≡ 0 on all of
G.

7.4.3 Gromov’s theorem and Shalom’s strategy

This section develops a direct route to Gromov’s theorem using analytic methods.

Theorem 7.4.5 (Gromov). Every finitely generated group of polynomial growth is virtu-
ally nilpotent.

Our presentation follows Ozawa [40] and Shalom [49]. For background on harmonic-
map methods in metric settings that motivate some of these techniques, see Korevaar–
Schoen [31] and Mok [39]. See [22] for the original proof and [30] for a different approach.

The key inductive step is to decrease the growth degree. For this it suffices to produce
a finite-index subgroup that surjects onto Z: the kernel then has smaller growth degree, so
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induction and Lemma 4.2.12 imply virtual nilpotence. While the details of this reduction
are spelled out in Section 7.4.4, most of this Chapter provides the tools and techniques
to produce a virtual surjection onto Z. The emphasis is on Ozawa’s idea: slow entropy
growth implies Shalom’s property HFD, which in the amenable setting forces a virtual
surjection onto Z.

Lemma 7.4.6. If G is amenable and has property HFD, then admits a non-zero finite-
dimensional unitary representation π with H1

red(G, π) 6= 0.

Proof. Since G is infinite amenable, it does not have property (T) (Lemma 7.3.2). By
Theorem 7.3.12, there exists a unitary representation σ of G such that H1

red(G, σ) 6= 0.
By property HFD, we know that σ has a non-zero finite-dimensional subrepresentation.

Let H be the Hilbert space of σ, and let Hfd ⊆ H be the (closed) linear span of
all finite-dimensional G-invariant subspaces of H. Then Hfd is G-invariant and so is its
orthogonal complement Hwm := H⊥fd. Accordingly, σ splits as an orthogonal direct sum
σ ∼= σfd ⊕ σwm, where σfd is a possibly infinite Hilbert direct sum of finite-dimensional
representations and σwm is weakly mixing. Since reduced cohomology is compatible with
orthogonal direct sums, one has H1

red(G, σfd) 6= 0.
Finally, write σfd

∼=
⊕

j∈J πj as a Hilbert direct sum of finite-dimensional unitary

representations (e.g. a sum of irreducibles). Using again compatibility of H1
red with

Hilbert direct sums, we obtain

H1
red(G, σfd) ∼=

⊕
j∈J

H1
red(G, πj).

Since the left-hand side is non-zero, there exists some j ∈ J with H1
red(G, πj) 6= 0. Taking

π := πj yields the desired finite-dimensional unitary representation.

Theorem 7.4.7 (Gromov). Let G be finitely generated, infinite and of polynomial growth.
Then G has a finite index subgroup with infinite abelianization.

Proof. We follow Shalom’s strategy [49] combined with Ozawa’s result (Theorem 7.4.4).
Combine:

polynomial growth⇒ slow entropy growth (Lemma 6.3.10)

⇒ HFD (Theorem 7.4.4)

By Lemma 7.4.6, there exists a finite-dimensional unitary π : G→ U(n) with H1
red(G, π)

non-zero. If the image π(G) were finite, then ker(π) would have finite index in G. But
then every non-trivial cocycle on G would restrict to a homomorphism on the finite-index
subgroup ker(π), which must be non-trival. Hence, ker(π) has infinite abelianization.
Thus, we are left with the case that π(G) is infinite.

Since G has polynomial growth, the same holds for π(G). By Lemma 3.1.11, π(G) is
infinite and virtually abelian. This finishes the proof.

7.4.4 Finishing the proof of Gromov’s theorem

This section isolates the remaining steps once one knows that a finite index subgroup
surjects onto Z.

Lemma 7.4.8. Let G be a finitely generated group and let ϕ : G � Z be a surjective
homomorphism. If G has polynomial growth of degree at most d, then H := ker(ϕ) is
finitely generated and has polynomial growth of degree at most d− 1.
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Proof. By the Lemma 4.2.11, H is finitely generated. Fix a finite symmetric generating
set S of H and pick t ∈ G with ϕ(t) = 1. Set Σ := S ∪ {t, t−1}. There exist constants
C ≥ 1 and d ≥ 1 such that with respect to the word metric on G induced by Σ one has

|BG(R)| ≤ C Rd for all R ≥ 1,

where BG(R) := {g ∈ G : |g| ≤ R}.
For any integer n and any h ∈ H we have

|tnh| ≤ |tn|+ |h| ≤ |n|+ |h|.

In particular, if |n| ≤ R
2

and h ∈ H ∩BG

(
R
2

)
, then |tnh| ≤ R.

Now note that for distinct integers m 6= n the left cosets tmH and tnH are disjoint,
since tm−n ∈ H would imply 0 = ϕ(tm−n) = m− n. Hence the sets

tn
(
H ∩BG(R/2)

)
⊆ BG(R)

(
|n| ≤

⌊
R
2

⌋)
are pairwise disjoint. Therefore

|BG(R)| ≥
∑

|n|≤bR/2c

∣∣∣tn(H ∩BG(R/2)
)∣∣∣ =

(
2bR/2c+ 1

) ∣∣H ∩BG(R/2)
∣∣.

For R ≥ 2 we have 2bR/2c+ 1 ≥ R/2, so the growth bound on G gives

∣∣H ∩BG(R/2)
∣∣ ≤ |BG(R)|

R/2
≤ (2C)Rd−1.

Finally, for r ≥ 1 apply this with R = 2r to obtain

|H ∩BG(r)| ≤ (2C)(2r)d−1.

If BH(r) := {h ∈ H : |h|S ≤ r}, then BH(r) ⊆ H∩BG(r) since |h| ≤ |h|S for h ∈ H. Thus
|BH(r)| ≤ (2C)(2r)d−1 for all r ≥ 1, proving that H has polynomial growth of degree at
most d− 1.

Proof of Theorem 7.4.5. By Theorem 7.4.7, G has a finite index subgroup G1 admitting
a surjection onto Z. Let ϕ : G1 → Z be such a surjection and write H := ker(ϕ). Assume
by induction that all groups of polynomial growth of strictly smaller degree are virtually
nilpotent. By Lemma 7.4.8, H has polynomial growth of strictly smaller degree, hence H
is virtually nilpotent. Therefore G1 is an extension of Z by a virtually nilpotent group.
By Theorem 4.2.8 or more directly Lemma 4.2.12, polynomial growth then forces G1 to
be virtually nilpotent. Since G1 has finite index in G, this finishes the proof.



Chapter 8

Sofic and hyperlinear groups

8.1 Definition and Examples

The purpose of this chapter is to single out two approximation paradigms for countable
groups. Very roughly, a group is called sofic if its finite pieces can be modelled inside
finite symmetric groups, and hyperlinear if they can be modelled inside finite-dimensional
unitary groups. We phrase this using the standard bi-invariant metrics on these families.
For background and original sources, see [23, 53, 13].

For n ≥ 1 write [n] := {1, . . . , n}. On the symmetric group Sym(n) we use the
normalized Hamming distance

dH(σ, τ) :=
1

n
#{i ∈ [n] : σ(i) 6= τ(i)} (σ, τ ∈ Sym(n)).

On the unitary group

U(n) := {u ∈Mn(C) : u∗u = uu∗ = 1}

we use the normalized Hilbert–Schmidt norm

‖A‖2 :=
( 1

n

n∑
i,j=1

|aij|2
)1/2 (

A = (aij) ∈Mn(C)
)

and the associated bounded metric

D2(u, v) := 1
2
‖u− v‖2 ∈ [0, 1].

Definition 8.1.1. Let G be a group, let F ⊆ G be finite and let ε > 0.

(i) A map φ : G→ Sym(n) is an (F, ε)-sofic approximation if φ(e) = id and

dH

(
φ(gh), φ(g)φ(h)

)
< ε (g, h ∈ F )

and
dH

(
φ(g), id

)
> 1− ε (g ∈ F \ {e}).

(ii) A map ψ : G→ U(n) is an (F, ε)-hyperlinear approximation if ψ(e) = 1 and

‖ψ(gh)− ψ(g)ψ(h)‖2 < ε (g, h ∈ F )

and
‖ψ(g)− 1‖2 > 1− ε (g ∈ F \ {e}).

103
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Definition 8.1.2. Let G be a countable group.

(i) G is sofic if for every finite F ⊆ G and every ε > 0 there exist n ≥ 1 and an
(F, ε)-sofic approximation φ : G→ Sym(n).

(ii) G is hyperlinear if for every finite F ⊆ G and every ε > 0 there exist n ≥ 1 and an
(F, ε)-hyperlinear approximation ψ : G→ U(n).

Remark 8.1.3. The separation conditions above are only meant to prevent the trivial
collapse of non-identity elements to the identity. Equivalent formulations are common in
the literature, for example with a uniform lower bound on the distance to the identity, or
via a normalized trace condition.

See [13].

Lemma 8.1.4. Every sofic group is hyperlinear.

Proof. For each n let ιn : Sym(n) ↪→ U(n) be the embedding sending a permutation to
its permutation matrix. For σ, τ ∈ Sym(n) one checks

‖ιn(σ)− ιn(τ)‖2
2 = 2 dH(σ, τ), ‖ιn(σ)− 1‖2

2 = 2 dH(σ, id).

Let G be sofic and fix finite F ⊆ G and ε > 0. Set δ := min{ε2/2, 1/2} and choose
an (F, δ)-sofic approximation φ : G → Sym(n). Then ψ := ιn ◦ φ : G → U(n) satisfies
ψ(e) = 1 and for g, h ∈ F ,

‖ψ(gh)− ψ(g)ψ(h)‖2 = ‖ιn(φ(gh))− ιn(φ(g)φ(h))‖2 =
√

2 dH(φ(gh), φ(g)φ(h)) < ε.

For g ∈ F \ {e},

‖ψ(g)− 1‖2 =
√

2 dH(φ(g), id) ≥
√

2(1− δ) ≥ 1 > 1− ε.

So ψ is an (F, ε)-hyperlinear approximation.

Lemma 8.1.5. (i) Finite groups are sofic and hyperlinear.

(ii) Residually finite groups are sofic (hence hyperlinear).

(iii) Amenable groups are sofic (hence hyperlinear); in particular, abelian and solvable
groups are sofic.

Proof. We prove soficity in each case; hyperlinearity then follows from Lemma 8.1.4.

(1) If G is finite, the left-regular action gives an injective homomorphism λ : G→ Sym(G).
For any finite F ⊆ G and ε > 0, set n = |G| and let φ = λ. Then φ(gh) = φ(g)φ(h) for
all g, h ∈ F , and for g 6= e the permutation φ(g) has no fixed points, so dH(φ(g), id) =
1 > 1− ε.
(2) Let G be residually finite. Given finite F ⊆ G and ε > 0, choose a finite-index normal
subgroup N C G with N ∩ (F \ {e}) = ∅. Let q : G → Q := G/N be the quotient map
and let ρ : Q→ Sym(Q) be the left-regular action. Then φ := ρ ◦ q is a homomorphism,
and for g ∈ F \{e} we have q(g) 6= e, hence φ(g) has no fixed points and dH(φ(g), id) = 1.

(3) Let G be amenable. Fix finite F ⊆ G and ε > 0. Choose a finite set A ⊆ G such
that |gA4A| < ε

3
|A| for all g ∈ F ∪ F−1 ∪ F 2 (a Følner set). For each g ∈ F define

a permutation φ(g) ∈ Sym(A) by setting φ(g)(a) = ga whenever a ∈ A and ga ∈ A,
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and extending arbitrarily to a bijection of A. The Følner condition ensures that for each
g ∈ F the set of points where a 7→ ga exits A has size < ε

3
|A|, so φ(g) moves at least

(1 − ε
3
)|A| points and hence dH(φ(g), id) > 1 − ε. Similarly, for g, h ∈ F the equality

φ(gh) = φ(g)φ(h) can fail only if at least one of a, ha, gha lies outside A. Therefore it
fails on at most

|A4h−1A|+ |A4g−1A|+ |A4(gh)−1A| < ε|A|,

so dH(φ(gh), φ(g)φ(h)) < ε. Thus G is sofic.

Remark 8.1.6. Two central open problems ask whether every countable group is sofic (a
conjecture due to Gromov [23, 53]) and whether every countable group is hyperlinear
(Connes’ embedding conjecture for groups [7]). See Pestov’s survey [44, Open Ques-
tions 3.8 and 3.9].

8.1.1 Metric ultraproducts

Metric ultraproducts provide a convenient way to package asymptotic approximation data.
Let (Kn, dn) be a sequence of groups equipped with uniformly bounded bi-invariant

metrics dn taking values in [0, 1]. Fix a non-principal ultrafilter U on N. For a bounded
sequence of real numbers (an) we write

lim
U
an = L

if for every ε > 0 the set {n : |an − L| < ε} belongs to U .

Lemma. Let (Kn, dn) be groups equipped with uniformly bounded bi-invariant metrics
dn ≤ 1, and define

NU :=
{

(kn) ∈
∏
n

Kn : lim
U
dn(kn, e) = 0

}
.

Then NU is a normal subgroup of
∏

nKn.

Proof. It is immediate from the triangle inequality and left-invariance that NU is a sub-
group. To see normality, let k = (kn) ∈ NU and h = (hn) ∈

∏
nKn. Since each dn is

bi-invariant,
dn(hnknh

−1
n , e) = dn(kn, e),

hence limU dn(hnknh
−1
n , e) = 0 and so hkh−1 ∈ NU .

Definition 8.1.7. The metric ultraproduct of the (Kn, dn) with respect to U is the quo-
tient group ∏

U

(Kn, dn) :=
(∏
n∈N

Kn

)/
NU .

It carries a natural bi-invariant metric defined by

D
(
[(kn)], [(`n)]

)
:= lim

U
dn(kn, `n).

Note that the formula defining D is indeed well-defined (independent of representa-
tives) and turns

∏
U(Kn, dn) into a metric group.
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8.1.2 Ultraproduct characterizations

Lemma 8.1.8. Let G be a group and let φn : G → Kn be maps into groups with bi-
invariant metrics dn ≤ 1. Define Φ : G→

∏
U(Kn, dn) by Φ(g) := [(φn(g))]U . If for every

g, h ∈ G one has
lim
U
dn
(
φn(gh), φn(g)φn(h)

)
= 0,

then Φ is a homomorphism. Moreover, if for every g 6= e one has limU dn
(
φn(g), e

)
> 0,

then Φ is injective.

Proof. For fixed g, h ∈ G we compute

D
(
Φ(gh),Φ(g)Φ(h)

)
= lim

U
dn
(
φn(gh), φn(g)φn(h)

)
= 0,

so Φ(gh) = Φ(g)Φ(h). If g 6= e and Φ(g) = e, then by definition of the quotient one has
limU dn(φn(g), e) = 0, contradicting the assumption.

Theorem 8.1.9. Let G be a countable group. Then G is sofic if and only if there exist
integers nk ≥ 1 and an injective homomorphism

G ↪→
∏
U

(
Sym(nk), dH

)
for some non-principal ultrafilter U .

Proof. (⇒) Fix an increasing sequence of finite subsets F1 ⊆ F2 ⊆ · · · ⊆ G with
⋃
k Fk =

G and e ∈ Fk. Let εk := 1/k. By soficity, choose nk and (Fk, εk)-sofic approximations
φk : G→ Sym(nk). Define Φ(g) := [(φk(g))]U .

Fix g, h ∈ G. For all sufficiently large k we have {g, h, gh} ⊆ Fk, hence dH(φk(gh), φk(g)φk(h)) <
εk. Since εk → 0, this implies limU dH(φk(gh), φk(g)φk(h)) = 0. Lemma 8.1.8 shows that
Φ is a homomorphism.

If g 6= e, then for all sufficiently large k we have g ∈ Fk, so dH(φk(g), id) > 1 − εk.
Thus limU dH(φk(g), id) = 1, and injectivity follows from Lemma 8.1.8.

(⇐) Let ι : G ↪→
∏
U(Sym(nk), dH) be an injective homomorphism. Choose for each

g ∈ G a representing sequence (σk(g)) ∈
∏

k Sym(nk). For g 6= e set δ(g) := D(ι(g), e) >
0.

Let F ⊆ G be finite and let ε > 0. Set δF := min{δ(g) : g ∈ F \ {e}} > 0. Choose
r ≥ 1 such that (1− δF/2)r < ε.

For m ≥ 1 define the homomorphism αr : Sym(m) → Sym(mr) by letting αr(σ) act
diagonally on [m]r. Then

dH

(
αr(σ), αr(τ)

)
= 1−

(
1− dH(σ, τ)

)r
.

In particular, if dH(σ, id) ≥ δF/2 then dH(αr(σ), id) ≥ 1− (1− δF/2)r > 1− ε.
Since ι is a homomorphism, for each g, h ∈ G one has limU dH(σk(gh), σk(g)σk(h)) = 0.

Also limU dH(σk(g), id) = δ(g). Hence for some index k we have simultaneously

dH(σk(gh), σk(g)σk(h)) < ε/r (g, h ∈ F ),

dH(σk(g), id) > δF/2 (g ∈ F \ {e}).

Fix such a k and define φ := αr ◦ σk : G→ Sym(nrk). Then φ(e) = id and for g, h ∈ F ,

dH

(
φ(gh), φ(g)φ(h)

)
= 1−

(
1− dH(σk(gh), σk(g)σk(h))

)r
≤ r dH(σk(gh), σk(g)σk(h)) < ε,
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using 1− (1− x)r ≤ rx for x ∈ [0, 1]. The separation estimate shows dH(φ(g), id) > 1− ε
for g ∈ F \ {e}. Thus φ is an (F, ε)-sofic approximation.

Theorem 8.1.10. Let G be a countable group. Then G is hyperlinear if and only if there
exist integers nk ≥ 1 and an injective homomorphism

G ↪→
∏
U

(
U(nk), D2

)
for some non-principal ultrafilter U .

Proof. The proof is analogous to Theorem 8.1.9, using the maps given by hyperlinear
approximations and Lemma 8.1.8.

For the direction ⇐, start from an injective homomorphism ι and representatives
uk(g) ∈ U(nk). For a finite set F define δF := ming∈F\{e}D(ι(g),1) > 0. Choose r such
that √

2− 2(1− δ2
F/8)r > 1− ε.

Consider the tensor-power homomorphism βr : U(m)→ U(mr), βr(u) = u⊗r. If ‖u−1‖2 ≥
δF/2, then

‖u⊗r − 1‖2
2 = 2− 2<

(
τm(u)r

)
≥ 2− 2

(
<τm(u)

)r ≥ 2− 2
(
1− 1

8
δ2
F

)r
,

where τm(u) := 1
m

Tr(u) and we used <τm(u) = 1 − 1
2
‖u − 1‖2

2. This yields the required
separation. Approximate multiplicativity on F is obtained as in the sofic case, using that
βr is a homomorphism and the estimate ‖u⊗r − v⊗r‖2 ≤ r ‖u− v‖2.

8.2 Equations over groups

Let G be a group and let 〈x〉 be the free group on one generator. An equation over G in
one variable is an element w ∈ G ∗ 〈x〉. We say that w is solvable over G if there exists
an overgroup H ≥ G and an element h ∈ H such that

w(h) = e in H.

If G is finite and one can choose H finite, we say that w is solvable in a finite extension
of G.

There is a canonical homomorphism

ε : G ∗ 〈x〉 −→ Z

defined by sending G to 0 and x to 1. An equation w ∈ G ∗ 〈x〉 is called nonsingular if
ε(w) 6= 0. Equivalently, ε(w) is the exponent sum of x in w, and nonsingularity means
that this sum is non-zero.

Conjecture 8.2.1 (Kervaire–Laudenbach). Let G be a group and let w ∈ G ∗ 〈x〉 be a
nonsingular equation in one variable. Then w is solvable over G. Moreover, if G is finite
then w is solvable in a finite extension of G.

In classical work, Gerstenhaber and Rothaus proved that for finite groups G every
nonsingular equation in one variable can be solved in a finite extension of G.
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8.2.1 Degree of the power map on U(n)

For an integer m define the continuous map

pm : U(n) −→ U(n), u 7−→ um.

Since U(n) is a compact connected Lie group, it is a closed connected smooth manifold
of real dimension n2 and comes with a canonical orientation (e.g. the one induced by
any left-invariant volume form). For such an oriented closed manifold M , the degree of a
continuous map f : M →M is the unique integer deg(f) such that

f ∗([M ]) = deg(f) [M ] in HdimM(M ;Z),

where [M ] ∈ HdimM(M ;Z) is the cohomological fundamental class. Denote byH∗(U(n);Z)
the integral cohomology ring of U(n).

Let µ : U(n)×U(n)→ U(n) denote multiplication and µ∗ : H∗(U(n);Z)→ H∗(U(n);Z)⊗
H∗(U(n);Z) the induced coproduct.

Recall that a cohomology class x ∈ H∗(U(n);Z) is called primitive if

µ∗(x) = x⊗ 1 + 1⊗ x.

Lemma 8.2.2 (Hopf). The integral cohomology of U(n) is torsion-free and is an exterior
algebra on odd-degree generators:

H∗(U(n);Z) ∼= Λ
(
x1, x3, . . . , x2n−1

)
, |x2k−1| = 2k − 1 (8.1)

where the generators are primitive. In particular, the product x1 x3 · · ·x2n−1 generates the
group Hn2

(U(n);Z) ∼= Z.

Idea of proof. There is a fibration U(n−1) ↪→ U(n)� S2n−1 obtained by taking the first
column of a unitary matrix. Assuming the statement for U(n − 1) and using the Serre
spectral sequence for this fibration, one sees inductively that H∗(U(n);Z) is torsion-free
and that a new generator in degree 2n− 1 is created at each step. This yields (8.1); the
statement about the top class follows because

∑n
k=1(2k − 1) = n2 = dimU(n).

Proposition 8.2.3. For m ∈ Z the power map pm : U(n)→ U(n) has degree

deg(pm) = mn.

In particular, pm has nonzero degree if and only if m 6= 0.

Proof. We define the top-degree class as:

ω := x1 x3 · · ·x2n−1 ∈ Hn2

(U(n);Z). (8.2)

Write pm = µ(m) ◦ ∆(m), where ∆(m) : U(n) → U(n)m is the diagonal map and µ(m) :
U(n)m → U(n) is the m-fold multiplication. Iterating the identity for µ∗(x) shows that
for a primitive class x one has

(µ(m))∗(x) = x⊗ 1⊗ · · · ⊗ 1 + · · ·+ 1⊗ · · · ⊗ 1⊗ x.

Pulling back along the diagonal yields p∗m(x) = mx. In particular, p∗m(x2k−1) = mx2k−1

for 1 ≤ k ≤ n. Using (8.2) and multiplicativity of p∗m,

p∗m(ω) =
n∏
k=1

p∗m(x2k−1) =
n∏
k=1

(mx2k−1) = mn ω.

Since ω generates Hn2
(U(n);Z) ∼= Z, this shows deg(pm) = mn.
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8.2.2 Gerstenhaber–Rothaus for one variable

Let w ∈ U(n) ∗ 〈x〉 be a one-variable word with coefficients in U(n). Write it as

w(x) = u0x
ε1u1x

ε2 · · ·u`−1x
ε`u`, uj ∈ U(n), εj ∈ {±1}.

Its exponent sum is m :=
∑`

j=1 εj ∈ Z. The associated word map is

fw : U(n)→ U(n), fw(x) = w(x).

Lemma 8.2.4. The word map fw is homotopic to the power map pm.

Proof. Since U(n) is path-connected, for each coefficient uj choose a continuous path uj(t)
with uj(0) = uj and uj(1) = 1. Define a homotopy H : [0, 1]× U(n)→ U(n) by

H(t, x) := u0(t)xε1u1(t)xε2 · · ·u`−1(t)xε`u`(t).

Then H(0, ·) = fw and H(1, x) = xε1+···+ε` = xm = pm(x).

Theorem 8.2.5 (Gerstenhaber–Rothaus). If the exponent sum m is non-zero, then fw :
U(n)→ U(n) is surjective. Equivalently, the equation w(x) = 1 has a solution already in
U(n).

Proof. By Lemma 8.2.4, fw is homotopic to pm, so deg(fw) = deg(pm). Proposition 8.2.3
gives deg(pm) = mn 6= 0. Since U(n) is a compact connected oriented manifold, any
continuous self-map of nonzero degree is surjective. Thus fw is surjective, and in particular
1 ∈ U(n) has a preimage.

Corollary 8.2.6. Let G be a finite group and let w ∈ G ∗ 〈x〉 be a nonsingular equation
in one variable. Then w is solvable in a finite extension of G.

Proof. Let m 6= 0 be the exponent sum of x in w. Embed G into U(|G|) via the left
regular representation (as permutation matrices). Viewing the coefficients of w inside
U(|G|) yields a word map fw : U(|G|)→ U(|G|) with exponent sum m. By Theorem 8.2.5,
fw is surjective, so choose u ∈ U(|G|) with fw(u) = 1.

Let H ≤ U(|G|) be the subgroup generated by G and u. Then H is finitely generated
and linear, hence residually finite. Since G is finite, there exists a finite quotient π : H �
Q that is injective on G. The image π(u) satisfies the equation in Q, and π(G) ∼= G.
Thus Q is a finite group containing a copy of G in which w has a solution.

8.2.3 Algebraically closed groups and hyperlinear groups

Definition 8.2.7. A group G is called algebraically closed if for every w ∈ G ∗ 〈x〉 with
ε(w) 6= 0 there exists g ∈ G such that w(g) = e in G.

Corollary 8.2.8. For every n ≥ 1, the unitary group U(n) is algebraically closed in the
sense of Definition 8.2.7.

Proof. Let w ∈ U(n) ∗ 〈x〉 be nonsingular. Then its exponent sum m is non-zero and by
Theorem 8.2.5, the equation w(x) = 1 has a solution in U(n).

Corollary 8.2.9. Any metric ultraproduct
∏
U(U(nk), D2) is algebraically closed in the

sense of Definition 8.2.7.
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Proof. Let w ∈
(∏
U(U(nk), D2)

)
∗ 〈x〉 be a nonsingular equation. Write its coefficients

as ultraproduct classes represented by sequences in the U(nk). For each k, form the
corresponding word wk ∈ U(nk) ∗ 〈x〉 by choosing representatives for the coefficients.
Then ε(wk) = ε(w) 6= 0, hence wk is nonsingular. By Corollary 8.2.8, choose uk ∈ U(nk)
with wk(uk) = 1. Let u := [(uk)] be the corresponding element of the metric ultraproduct.
Then w(u) = e in

∏
U(U(nk), D2).

Theorem 8.2.10 (Pestov). Let G be a hyperlinear group. Then every nonsingular one-
variable equation w ∈ G ∗ 〈x〉 is solvable in a hyperlinear overgroup of G.

Proof. By hyperlinearity, there exists an injective homomorphism

ι : G ↪→
∏
U

(U(nk), D2).

View the coefficients of w inside the ultraproduct via ι, obtaining an equation over the
ultraproduct. By Corollary 8.2.9, this ultraproduct is algebraically closed, so there exists
an element u in the ultraproduct with w(u) = e. Thus w is solvable in 〈G, u〉, which is a
subgroup of the ultraproduct and hence hyperlinear.

8.3 Kaplansky’s direct finiteness conjecture

A striking open problem in the theory of group algebras is the following conjecture of
Kaplansky.

Conjecture 8.3.1 (Kaplansky). Let K be a field and let G be a group. Then the group
algebra K[G] is directly finite, i.e. for every a, b ∈ K[G] the relation ab = 1 implies
ba = 1.

We record two cases in which the conjecture is known. The first is due to Kaplansky
himself covering the case when the field has characteristic zero, and the second was proved
by Elek and Szabó for sofic groups and arbitrary fields.

Lemma 8.3.2. Let A be a unital C∗-algebra and let e ∈ A satisfy e2 = e. Then there
exists an invertible element v ∈ A such that vev−1 is a projection.

Proof. Set
y := e∗e+ (1− e∗)(1− e) ∈ A.

Then y ≥ 0. To see that y is invertible, represent A faithfully on a Hilbert space H. For
ξ ∈ H we have

〈yξ, ξ〉 = ‖eξ‖2 + ‖(1− e)ξ‖2.

Since ξ = eξ + (1− e)ξ, the inequality ‖u+ v‖2 ≤ 2(‖u‖2 + ‖v‖2) gives

‖ξ‖2 ≤ 2
(
‖eξ‖2 + ‖(1− e)ξ‖2

)
= 2〈yξ, ξ〉,

so y ≥ 1
2
1 and hence y is invertible in A. Next observe that ye = e∗e = e∗y. Indeed,

(1 − e)e = 0 shows ye = e∗ee + (1 − e∗)(1 − e)e = e∗e. Also e∗(1 − e∗) = 0 shows
e∗y = e∗e∗e+ e∗(1− e∗)(1− e) = e∗e. Let v := y1/2 and set p := vev−1. Then

p2 = (vev−1)(vev−1) = ve(v−1v)ev−1 = ve2v−1 = vev−1 = p.

Moreover, from v2e = e∗v2 we get vev−1 = v−1e∗v, hence

p∗ = (v−1)∗e∗v∗ = v−1e∗v = vev−1 = p.

Thus p is a projection.
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Theorem 8.3.3. Let K be a field of characteristic 0 and let G be a group. Then K[G] is
directly finite.

Proof. If a, b ∈ K[G] witness a failure of direct finiteness, then the coefficients of a and
b lie in some finitely generated subfield F ⊆ K. It is well-known that every finitely
generated field F of characteristic 0 admits an embedding F ↪→ C. Thus, it suffices to
prove direct finiteness for C[G].

Now consider the left regular representation λ : G→ U(`2(G)) and extend it linearly
to a ∗-homomorphism

λ : C[G] −→ C∗r (G) ⊆ B(`2(G)).

Let τ be the canonical trace on C∗r (G) from Definition 7.1.3. By Proposition 7.1.5, τ is
tracial on C[G] and hence on C∗r (G) by continuity.

We also need that τ is positive and faithful (Lemma 7.1.4). Positivity follows imme-
diately since τ is a vector state: if a ≥ 0 then a = b∗b and

τ(a) = 〈b∗bδe, δe〉 = ‖bδe‖2
2 ≥ 0.

For faithfulness, let x ∈ C∗r (G) satisfy x ≥ 0 and τ(x) = 0. Then for every g ∈ G we have

〈xδg, δg〉 = 〈λ(g)∗xλ(g) δe, δe〉 = τ(λ(g)∗xλ(g)) = τ(x) = 0.

Since x ≥ 0, this implies x1/2δg = 0 for all g, so x1/2 = 0 and hence x = 0.
Suppose that a, b ∈ C[G] satisfy ab = 1. In C∗r (G) we have

(ba)2 = b(ab)a = ba,

so e := ba is an idempotent. By traciality,

τ(e) = τ(ba) = τ(ab) = τ(1) = 1.

By Lemma 8.3.2 there exists an invertible v ∈ C∗r (G) such that p := vev−1 is a projection.
Using traciality we get τ(p) = τ(e) = 1, hence τ(1 − p) = 0. Since 1 − p ≥ 0 and τ is
faithful by Lemma 7.1.4, it follows that 1 − p = 0, i.e. p = 1. Therefore e = v−1pv = 1,
so ba = 1.

The aim of the rest of this section is to prove the following result, which gives a large
class of groups for which Kaplansky’s conjecture holds for arbitrary fields.

Theorem 8.3.4 (Elek–Szabó). Let K be a field and let G be a sofic group. Then K[G]
is directly finite.

Proof. Fix a free ultrafilter U on N. Choose a sofic approximation σn : G → Sym(Vn)
and let dn := |Vn|. For each n, let πn : G→ GLdn(K) be the corresponding permutation-
matrix representation. Extending K-linearly gives ring homomorphisms πn : K[G] →
Mdn(K). For A ∈Mdn(K) write

ρn(A) :=
1

dn
rank(A) ∈ [0, 1].

Consider the ideal

NU :=
{

(An) ∈
∏
n

Mdn(K) : lim
U
ρn(An) = 0

}
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and the corresponding rank ultraproduct

rk∏
U

Mdn(K) :=
(∏

n

Mdn(K)
)/
NU .

Passing to the rank ultraproduct yields a homomorphism

Π : K[G] −→
rk∏
U

Mdn(K), a 7−→ [(πn(a))].

We include a proof that Π is injective. Let 0 6= a ∈ K[G] and write a =
∑

g∈F0
αgg

with F0 ⊆ G finite and all αg 6= 0. Set F := F0 ∪ {e}. By the defining property of a sofic
approximation, for every ε > 0 there is a set Iε ∈ U such that for all n ∈ Iε the set

Wn :=
{
v ∈ Vn : the points σn(g)v (g ∈ F ) are pairwise distinct

}
has size |Wn| ≥ (1− ε)dn.

For such n and v ∈ Wn define the block

Ov := {σn(g)v : g ∈ F} ⊆ Vn.

Since e ∈ F , we have v ∈ Ov and |Ov| = |F |. Choose a subset W ′
n ⊆ Wn maximal with

the property that the blocks {Ov : v ∈ W ′
n} are pairwise disjoint. Maximality implies

|W ′
n| ≥ |Wn|/|F | ≥ (1− ε)dn/|F |.
For each v ∈ Vn let δv ∈ KVn be the standard basis vector. Then

πn(a) δv =
∑
g∈F0

αg δσn(g)v.

If v ∈ W ′
n, this vector is supported on Ov. Since the blocks Ov (v ∈ W ′

n) are disjoint, the
family

{πn(a) δv : v ∈ W ′
n}

is linearly independent in KVn . Hence rank(πn(a)) ≥ |W ′
n| and therefore

ρn(πn(a)) ≥ |W
′
n|

dn
≥ 1− ε
|F |

.

Taking U -limits and then letting ε ↓ 0 gives limU ρn(πn(a)) > 0, so (πn(a)) /∈ NU . Thus
Π(a) 6= 0, proving injectivity.

Each matrix algebra Mdn(K) is directly finite, and the same argument works in the
rank ultraproduct. Indeed, suppose [(An)] [(Bn)] = 1 in

∏rk
U Mdn(K). By definition this

means that limU ρn(1dn − AnBn) = 0. For each n set Vn := ker(1dn − AnBn). Then
dimVn = dn − rank(1dn − AnBn), and AnBn is the identity on Vn. In particular, Bn is
injective on Vn (if Bnv = 0 with v ∈ Vn, then v = AnBnv = 0). Moreover, for v ∈ Vn we
have (1dn −BnAn)(Bnv) = 0, so Bn(Vn) ⊆ ker(1dn −BnAn). Therefore

dim ker(1dn −BnAn) ≥ dimBn(Vn) = dimVn

and hence
rank(1dn −BnAn) ≤ rank(1dn − AnBn).

Dividing by dn and taking U -limits yields limU ρn(1dn −BnAn) = 0, i.e. [(Bn)] [(An)] = 1.
Since K[G] embeds into a directly finite ring, it is directly finite.



Chapter 9

The first `2-Betti number

The first `2-Betti number b
(2)
1 (G) is an analytic invariant that measures, in a von Neumann

dimension sense, the size of the space of square-summable 1-cocycles on G. Positivity
of the first `2-Betti number is a strong negation of Kazhdan’s property (T) and has
many remarkable consequences. In order to keep the exposition self-contained, we restrict
ourselves to finitely generated groups and give a definition of b

(2)
1 (G) in terms of the Cayley

graph and its cycle space. We refer to Lück’s book [35] for a more general treatment of
`2-Betti numbers.

9.1 Definitions and basic properties

There are several equivalent ways to define the first `2-Betti number. For our purposes
it is convenient to work directly with the Cayley graph and its cycle space. Before doing
so, we review the notion of Dirichlet functions and harmonicity, and the von Neumann
dimension for Hilbert G-modules.

9.1.1 Dirichlet functions and `2-harmonicity

Let G be a group generated by a finite set S0. Set S := S0 ∪ S−1
0 . Write `2(G) for the

Hilbert space of square-summable functions G→ C. For a function f : G→ C and s ∈ S
define the discrete derivative

(∂sf)(g) := f(gs)− f(g) (g ∈ G).

The non-normalized Dirichlet energy of f with respect to S is

ES(f) :=
∑
s∈S

‖∂sf‖2
2 ∈ [0,∞].

We let DS(G) := {f : G → C : ES(f) < ∞} be the space of finite-energy Dirichlet
functions. Note that `2(G) ⊆ DS(G) and that constant functions lie in DS(G) with
energy 0. Define the non-normalized Laplacian by

(∆Sf)(g) :=
∑
s∈S

(
f(g)− f(gs)

)
.

We say that f is S-harmonic if ∆Sf = 0. Equivalently, f(g) is the average of the values
of f at the neighbors of g in the Cayley graph Cay(G,S), i.e., f is µS-harmonic, where

113
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µS is the simple random walk associated to S. Note however, that we do not require f to
be bounded. We write

HS(G) := {f ∈ DS(G) : ∆Sf = 0}

for the space of harmonic Dirichlet functions. Any bounded µS-harmonic function is a
harmonic Dirichlet function, i.e. H(G, µS) ⊆ HS(G), but the converse is not true in
general.

9.1.2 von Neumann dimension for Hilbert G-modules

Let ρ be the right regular representation of G on `2(G),

(ρ(g)ξ)(x) := ξ(xg) (g, x ∈ G).

We write λ : G→ U(`2(G)) for the left regular representation,

(λ(g)ξ)(x) := ξ(g−1x) (g, x ∈ G).

The group von Neumann algebra L(G) is the weak operator closure of λ(C[G]) ⊆
B(`2(G)). It is a finite von Neumann algebra with faithful normal trace

τ(T ) := 〈Tδe, δe〉 (T ∈ L(G)).

For n ≥ 1 we extend τ to Mn(L(G)) by

τn
(
(Tij)

)
:=

n∑
i=1

τ(Tii).

The commutant of L(G) in B(`2(G)) is the right group von Neumann algebra R(G)
(generated by the right regular representation), and it carries the trace

τ(S) := 〈Sδe, δe〉 (S ∈ R(G)).

By abuse of notation we write τ for both traces; the meaning is determined by whether
the argument lies in L(G) or in R(G). For n ≥ 1 we also extend this trace to Mn(R(G))
by the same formula

τn
(
(Sij)

)
:=

n∑
i=1

τ(Sii).

Let H := `2(G)n. A closed subspace V ≤ H is called a Hilbert G-submodule if it is
G-invariant for the left action (equivalently, λ(g)V ⊆ V for all g). Then the orthogonal
projection PV ∈ B(H) commutes with λ(G), hence PV ∈ Mn(R(G)). We define its von
Neumann dimension by

dimG(V ) := τn(PV ) =
n∑
i=1

〈PV (δe ⊗ ei), δe ⊗ ei〉.

We will use the following basic properties, which follow immediately from the corre-
sponding identities for orthogonal projections.

Lemma 9.1.1. Let V,W ≤ `2(G)n be Hilbert G-submodules.
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(a) 0 ≤ dimG(V ) ≤ n and dimG(`2(G)n) = n.

(b) If V ⊆ W , then dimG(V ) ≤ dimG(W ).

(c) If V ⊥ W , then dimG(V ⊕W ) = dimG(V ) + dimG(W ).

(d) dimG(V ⊥) = n− dimG(V ).

(e) If V and W are isomorphic as Hilbert G-modules, then dimG(V ) = dimG(W ).

(f) One has dimG(V ) = 0 if and only if V = {0}.

Proof. Let PV , PW ∈Mn(R(G)) denote the orthogonal projections onto V and W .
(a) Since 0 ≤ PV ≤ 1 (operator order) and τn is positive, we have 0 ≤ τn(PV ) ≤

τn(1) = n. Also dimG(`2(G)n) = τn(1) = n.
(b) If V ⊆ W , then PW−PV is the orthogonal projection onto W∩V ⊥ and in particular

is positive. Hence dimG(W )− dimG(V ) = τn(PW − PV ) ≥ 0.
(c) If V ⊥ W , then PV⊕W = PV + PW , so dimG(V ⊕W ) = τn(PV + PW ) = τn(PV ) +

τn(PW ).
(d) One has PV ⊥ = 1− PV , hence dimG(V ⊥) = τn(1− PV ) = n− dimG(V ).
(e) Let U : V → W be a G-equivariant unitary. Extend it to a bounded operator

v ∈ B(H) by setting v|V = U and v|V ⊥ = 0. Then v commutes with λ(G), hence
v ∈ Mn(R(G)), and it is a partial isometry with v∗v = PV and vv∗ = PW . Since τn is
tracial on Mn(R(G)), we obtain

dimG(W ) = τn(PW ) = τn(vv∗) = τn(v∗v) = τn(PV ) = dimG(V ).

(f) If V = {0} then PV = 0 and dimG(V ) = 0. Conversely, if dimG(V ) = τn(PV ) = 0
then for each i we have 〈PV (δe ⊗ ei), δe ⊗ ei〉 = 0. Since PV is a projection, this implies
PV (δe ⊗ ei) = 0. Using PV λ(g) = λ(g)PV we get PV (δg ⊗ ei) = 0 for all g ∈ G and all i.
Hence PV = 0, so V = {0}.

9.1.3 The Cayley graph complex and cycles

Let S be a finite generating set. With EG,S as above we identify

`2(EG,S) ∼= `2(G)S, ω ←→
(
ω(g, gs)

)
s∈S.

For s ∈ S we write s̄ := (1G, s) ∈ EG,S. Define the boundary operator on the dense
subspace C[EG,S] by ∂(g, gs) = gs− g. It extends to a bounded operator

∂1 : `2(EG,S)→ `2(G).

Its adjoint ∂∗1 : `2(G)→ `2(EG,S) is the discrete derivative operator

(∂∗1f)(g, gs) = f(gs)− f(g).

In particular, for f ∈ `2(G) one has

‖∂∗1f‖2
2 =

∑
s∈S

‖∂sf‖2
2.

The space of finite cycles ZG,S ⊆ C[EG,S] was defined above by ∂z = 0. We write

ZG,S := ZG,S ≤ `2(EG,S)

for its closure. It is a Hilbert G-submodule and satisfies ZG,S ⊆ ker(∂1).
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Definition 9.1.2. We define the zeroth `2-Betti number of a group G by

b
(2)
0 (G) := dimG(`2(G))G where (`2(G))G := {ξ ∈ `2(G) : λ(g)ξ = ξ ∀g ∈ G}.

Lemma 9.1.3. Let G be a group. Then b
(2)
0 (G) = 0 if G is infinite, and b

(2)
0 (G) = 1

|G| if
G is finite.

Proof. If ξ ∈ `2(G) satisfies λ(g)ξ = ξ for all g ∈ G, then ξ is constant on G. If G is

infinite, the only constant vector in `2(G) is 0, hence (`2(G))G = {0} and b
(2)
0 (G) = 0.

Assume that G is finite. Then (`2(G))G is the one-dimensional subspace spanned by
the constant vector. The orthogonal projection P onto this subspace is given by

(Pη)(x) =
1

|G|
∑
y∈G

η(y) (η ∈ `2(G), x ∈ G).

In particular, P commutes with λ(G), hence P ∈ R(G), and

b
(2)
0 (G) = dimG(`2(G))G = τ(P ) = 〈Pδe, δe〉 =

1

|G|
.

9.1.4 Harmonic Dirichlet functions and b
(2)
1 (G)

Recall that DS(G) is the space of functions f : G→ C of finite Dirichlet energy ES(f) <
∞. The discrete derivative map

∇ : DS(G)→ `2(EG,S), (∇f)(g, gs) := f(gs)− f(g),

has kernel equal to the constant functions. Note that ∇ = ⊕s∂s and ‖∇f‖2
2 = ES(f). It

therefore induces an isometric embedding

DS(G)/C ↪→ `2(EG,S), [f ] 7→ ∇f,

where we equip DS(G)/C with the norm ‖[f ]‖ := ES(f)1/2.

Lemma 9.1.4. Let ω ∈ `2(EG,S). If 〈ω, z〉 = 0 for every finite cycle z ∈ ZG,S, then
there exists f ∈ DS(G) with ∇f = ω. Moreover f is unique modulo constants and
ES(f) = ‖ω‖2

2.

Proof. Assume ω ⊥ ZG,S. Define f(e) := 0. Given g ∈ G, choose a word g = s1 · · · sk
with si ∈ S and set

f(g) :=
k∑
i=1

ω(s1 · · · si−1, s1 · · · si).

If g = t1 · · · tm is another word, then the two edge-paths from e to g determine a finite
cycle z ∈ ZG,S. The difference of the two sums above is precisely 〈ω, z〉, hence vanishes.
Therefore f is well-defined. By construction one has ∇f = ω.

Since ω ∈ `2(EG,S) we obtain ES(f) = ‖∇f‖2
2 = ‖ω‖2

2 < ∞, so f ∈ DS(G). If f ′ is
another Dirichlet function with ∇f ′ = ω, then ∇(f−f ′) = 0, hence f−f ′ is constant.

Lemma 9.1.5. Let f ∈ DS(G). Then f is S-harmonic if and only if ∂1(∇f) = 0.



9.1. Definitions and basic properties 117

Proof. With our conventions, the adjoint relation between ∂1 and ∂∗1 = ∇ yields the
concrete formula

(∂1ω)(g) =
∑
s∈S

(
ω(g, gs)− ω(gs, g)

)
=
∑
s∈S

(
ω(g, s)− ω(gs, s−1)

)
.

Applying this to ω = ∇f gives

(∂1∇f)(g) =
∑
s∈S

(
(f(gs)−f(g))−(f(g)−f(gs))

)
= −2

∑
s∈S

(
f(g)−f(gs)

)
= −2(∆Sf)(g).

In particular, ∂1∇f = 0 if and only if ∆Sf = 0.

Theorem 9.1.6. Let G be generated by a finite set S.

(a) The discrete derivative map induces an isometric isomorphism

HS(G)/C ∼= ker(∂1) ∩ Z⊥G,S ≤ `2(EG,S).

(b) For f ∈ DS(G) set

bf : G→ `2(G), bf (g) := ρ(g)f − f.

Then the assignment f 7→ bf induces a linear isometric isomorphism

DS(G)/C ∼= Z1(G, ρ),

where Z1(G, ρ) is equipped with the inner product from the measure µS = 1
|S|
∑

s∈S δs.

(c) Under this identification, the subspace HS(G)/C corresponds to the subspace of µS-
harmonic cocycles. Consequently, by Proposition 7.3.6, one obtains a canonical
isometric isomorphism

HS(G)/C ∼= H1
red(G, ρ).

Proof. We first prove (a). Let f ∈ HS(G). For every finite cycle z ∈ ZG,S we have
〈∇f, z〉 = 0 because z is a finite sum of directed edges and the telescoping sum along the
cycle is 0. Hence ∇f ∈ Z⊥G,S. By Lemma 9.1.5 we also have ∂1(∇f) = 0. Thus ∇ maps
HS(G)/C into ker(∂1) ∩ Z⊥G,S. Injectivity modulo constants is clear.

Conversely, let ω ∈ ker(∂1)∩Z⊥G,S. Since ω ⊥ ZG,S, Lemma 9.1.4 provides f ∈ DS(G)
with ∇f = ω. Lemma 9.1.5 and ∂1ω = 0 imply ∆Sf = 0, so f ∈ HS(G). This proves
surjectivity and yields the isomorphism.

For the dimension statement, note that ZG,S ⊆ ker(∂1) and both are closed Hilbert
G-submodules. Therefore

ker(∂1) = ZG,S ⊕
(
ker(∂1) ∩ Z⊥G,S

)
orthogonally, and by Lemma 9.1.1(c) we get

dimG

(
ker(∂1) ∩ Z⊥G,S

)
= dimG ker(∂1)− dimGZG,S.

On the other hand, ker(∂1) = (im(∂∗1))⊥, so Lemma 9.1.1(d) gives

dimG ker(∂1) = |S| − dimG im(∂∗1).
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The operator ∂∗1 : `2(G) → `2(EG,S) has kernel equal to the `2-constant functions, hence

dimG ker(∂∗1) = b
(2)
0 (G). Therefore

dimG im(∂∗1) = dimG `
2(G)− dimG ker(∂∗1) = 1− b(2)

0 (G),

and so
dimG ker(∂1) = |S| − 1 + b

(2)
0 (G).

Combining the previous identities yields

dimG

(
ker(∂1) ∩ Z⊥G,S

)
= |S| − 1 + b

(2)
0 (G)− dimGZG,S.

By Theorem 9.1.9 the right-hand side equals b
(2)
1 (G), and the result follows from the

isomorphism proved above. We now prove (b). We first check that f 7→ bf lands in

Z1(G, ρ) and only depends on the class of f modulo constants.
For s ∈ S we have bf (s) = f(·s) − f(·), hence bf (s) ∈ `2(G) and

∑
s∈S ‖bf (s)‖2

2 =
ES(f) <∞. If g = s1 · · · sk is a word in S, then the telescoping identity

ρ(g)f − f =
k∑
i=1

ρ(s1 · · · si−1)
(
ρ(si)f − f

)
shows that bf (g) is a finite sum of translates of bf (si) and therefore belongs to `2(G). The
cocycle identity

bf (gh) = ρ(gh)f − f = bf (g) + ρ(g)bf (h)

is immediate, so bf ∈ Z1(G, ρ). If f is replaced by f + c with c ∈ C, then bf+c = bf .
For the isometry, note that with our choice of the uniform measure on S we have

‖bf‖2
Z1 =

∑
s∈S

µS(s) ‖bf (s)‖2
2 =

1

|S|
∑
s∈S

‖∂sf‖2
2 =

1

|S|
ES(f).

Thus f 7→ bf descends to an isometric embedding DS(G)/C→ Z1(G, ρ).
We now construct the inverse map. Given b ∈ Z1(G, ρ) define a function fb : G → C

by
fb(g) := b(g)(e) (g ∈ G),

where we view b(g) ∈ `2(G) as a function on G. Then for x ∈ G and s ∈ S we compute
using the cocycle identity b(xs) = b(x) + ρ(x)b(s) and evaluating at e:

fb(xs)− fb(x) = b(xs)(e)− b(x)(e) = (ρ(x)b(s))(e) = b(s)(x).

Hence ∂sfb = b(s) ∈ `2(G) for all s ∈ S, and therefore fb ∈ DS(G) with ES(fb) =∑
s∈S ‖b(s)‖2

2 < ∞. Moreover, the same computation shows b = bfb . This proves that
DS(G)/C→ Z1(G, ρ) is onto (and hence an isometric isomorphism).

Finally, bf is µS-harmonic if and only if
∑

s∈S bf (s) = 0 in `2(G). Evaluating at x ∈ G
yields ∑

s∈S

bf (s)(x) =
∑
s∈S

(f(xs)− f(x)) = −
∑
s∈S

(f(x)− f(xs)) = −(∆Sf)(x),

so bf is µS-harmonic if and only if ∆Sf = 0, i.e. f ∈ HS(G). Thus HS(G)/C corresponds
exactly to the µS-harmonic cocycles.

By Proposition 7.3.6, every class in H1
red(G, ρ) has a unique µS-harmonic representa-

tive, so H1
red(G, ρ) identifies isometrically with the Hilbert space of µS-harmonic cocycles.

Combining this with the previous paragraph yields the claimed identification of HS(G)/C
with H1

red(G, ρ).
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In particular, H1
red(G, ρ) is naturally a Hilbert G-submodule of `2(EG,S).

Definition 9.1.7. Let G be a finitely generated group and let ρ be the right regular
representation of G on `2(G). The first `2-Betti number of G is

b
(2)
1 (G) := dimGH

1
red(G, ρ).

The presentation chain complex

Fix a finite generating set S for G and choose a (possibly infinite) set of relators R such
that G ∼= 〈S | R〉. Let X = X(G,S,R) be the associated Cayley 2-complex. Its cellular
chain complex begins with a sequence of free C[G]-modules

C[G]R
∂2−−→ C[G]S

∂1−−→ C[G]→ C→ 0.

Identifying C[G]S ∼= C[EG,S] by sending the basis vector corresponding to (g, s) to the
directed edge from g to gs, we view ∂2 as producing a (finite) edge-cycle from each relator.

Lemma 9.1.8. With notation as above, one has

∂2

(
C[G]R

)
= ZG,S ⊆ C[EG,S], and hence im(∂2) = ZG,S ⊆ `2(EG,S).

Proof. The boundary of each 2-cell ofX is a finite cycle in the Cayley graph, so ∂2(C[G]R) ⊆
ZG,S. Conversely, every finite cycle is the boundary of a van Kampen diagram over the
presentation 〈S | R〉; reading off the 2-cells shows that this cycle is a finite sum of G-
translates of relator boundaries, hence lies in ∂2(C[G]R). Taking closures after tensoring
with `2(G) gives the second claim.

Theorem 9.1.9 (Pichot’s formula). Let G be generated by a finite set S. Then

b
(2)
1 (G) = |S| − 1 + b

(2)
0 (G)− dimG

(
ZG,S

)
.

Proof. Choose a presentation G ∼= 〈S | R〉 and consider the associated chain complex

from the Cayley 2-complex: C[G]R
∂2−→ C[G]S

∂1−→ C[G] → C → 0. After tensoring with
`2(G) and taking von Neumann dimensions one obtains

b
(2)
1 (G) = |S| − dimG im(∂1)− dimG im(∂2).

Here dimG im(∂1) = 1 − b
(2)
0 (G), and by Lemma 9.1.8 we have im(∂2) = ZG,S inside

`2(EG,S) ∼= `2(G)S. Rearranging yields the claimed identity.

Corollary 9.1.10. Let G be finitely generated by S. We have b
(2)
1 (G) ≤ |S|−1 for infinite

groups with equality only when G is free on S.

9.2 A Morse inequality for finitely presented groups

The following inequality is often referred to as a Morse inequality in this context.

Theorem 9.2.1 (Morse inequality). Let G be an infinite finitely presented group with a
presentation

G ∼= 〈S | R〉
where S is finite and R is a finite set of relations. Then

b
(2)
1 (G) ≥ |S| − 1− |R|.
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Proof. Let F be the free group on S and let N E F be the normal closure of R, so that
G ∼= F/N . As in the proof sketch of Theorem 9.1.9, the beginning of the associated free
resolution yields a chain complex of free C[G]-modules

C[G]R
∂2−−→ C[G]S

∂1−−→ C[G]→ C→ 0.

After tensoring with `2(G) we obtain a complex of Hilbert G-modules

`2(G)R
∂2−−→ `2(G)S

∂1−−→ `2(G)→ 0.

By Lemma 9.1.8 we have im(∂2) = ZG,S ⊆ `2(EG,S). In particular, Pichot’s formula

(Theorem 9.1.9) identifies our invariant b
(2)
1 (G) = dimGH

1
red(G, ρ) with

b
(2)
1 (G) = dimG ker(∂1)− dimG im(∂2).

Moreover, dimG ker(∂1) = |S| − 1 + b
(2)
0 (G). Finally,

dimG im(∂2) ≤ dimG `
2(G)R = |R|.

Since G is infinite we have b
(2)
0 (G) = 0 by Lemma 9.1.3. Combining these identities gives

the claimed inequality.

The following refinement of this inequality incorporates also the order of relators.

Theorem 9.2.2. Let G be an infinite group which admits a presentation

G ∼= 〈S | rw1
1 , . . . , rwkk 〉

where r1, . . . , rk are words in the free group 〈g1, . . . , gn〉 and w1, . . . , wk ∈ N. Assume the
presentation is irredundant in the sense that the image of ri in G has order exactly wi for
all i.

Then,

b
(2)
1 (G) ≥ |S| − 1−

k∑
j=1

1

wj
.

Proof. We recast the argument in terms of reduced cohomology with coefficients in `2(G).
Then one has the cohomological identity

b
(2)
1 (G) = dimGH

1
red(G, ρ).

Let Fn := 〈g1, . . . , gn〉 be the free group. Via the quotient map Fn � G we view ρ
as a unitary representation of Fn on `2(G). Since Fn is free, a 1-cocycle c ∈ Z1(Fn, ρ) is
determined by the values c(gi) ∈ `2(G). Moreover, under the identification Z1(Fn, ρ) ∼=
`2(G)n, the subspace of coboundaries corresponds to the (closure of the) image of the
coboundary map

d : `2(G)→ `2(G)n, ξ 7→
(
ρ(gi)ξ − ξ

)n
i=1
.

It follows that
dimGH

1
red(Fn, ρ) = n− 1.
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The relations impose linear constraints via evaluation. For a cocycle c and a word
r ∈ Fn, the cocycle identity gives the telescoping formula

c(rw) =
w−1∑
`=0

ρ(r)` c(r).

If the image of r in G has order exactly w, then

e :=
1

w

w−1∑
`=0

ρ(r)` ∈ R(G)

is a nonzero projection, and τ(e) = 1/w. In particular, the operator
∑w−1

`=0 ρ(r)` = we
has image contained in e`2(G), whose von Neumann dimension equals 1/w. Thus the
constraint c(rw) = 0 cuts out a subspace of codimension at most 1/w in von Neumann
dimension.

Applying this to the relators r
wj
j and using irredundancy (so that rj has order wj in

G) gives

dimGH
1
red(G, ρ) ≥ (n− 1)−

k∑
j=1

1

wj
,

which is the claimed inequality.

Remark 9.2.3. Theorem 9.1.9 also gives an upper bound b
(2)
1 (G) ≤ |S| − 1 + b

(2)
0 (G) for

every finite generating set S, because dimG

(
ZG,S

)
≥ 0.

9.3 Some computations

We now record a geometric method for bounding b
(2)
1 (G) for certain torsion groups, fol-

lowing [14]. The key input is an explicit construction of cycles in the Cayley graph.

9.3.1 A cycle estimate

We also use the following estimate (a special case of a more general character-theoretic
formula).

Lemma 9.3.1. Let G be generated by a finite set S. Then

b
(2)
1 (G) = |S| − 1 + b

(2)
0 (G)− sup

06=z∈ZG,S

∑
s∈S

|〈z, s̄〉|2

〈z, z〉
,

where the inner product is the standard one on `2(EG,S).

Proof. This is a reformulation of Theorem 9.1.9 using the identity

dimG

(
ZG,S

)
=
∑
s∈S

〈P s̄, s̄〉

for the orthogonal projection P onto ZG,S, together with the Hilbert-space projection
identity

〈Pv, v〉 = sup
0 6=w∈ZG,S

|〈w, v〉|2

〈w,w〉
.
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Indeed, 〈Pv, v〉 = ‖Pv‖2. For w ∈ ZG,S we have 〈v, w〉 = 〈Pv, w〉, so by Cauchy–Schwarz,
|〈v, w〉|2 ≤ ‖Pv‖2 ‖w‖2. Thus |〈v, w〉|2/‖w‖2 ≤ 〈Pv, v〉, with equality for w = Pv (if
Pv 6= 0). Since ZG,S is dense in ZG,S, taking the supremum over 0 6= w ∈ ZG,S yields the
same value.

9.3.2 A uniform bound for p-torsion groups

Theorem 9.3.2 (Feldkamp–Kionke). Let p be a prime and let G be a torsion group of
exponent p. Then

b̄
(2)
1 (G) ≤ 2p− 2.

Proof. We may assume G is infinite (otherwise b
(2)
1 (G) = 0). By definition of b̄

(2)
1 it suffices

to treat the case that G is finitely generated.
Let S be a minimal generating set and set N := |S|. Since all nontrivial elements have

order p, for pairwise distinct a, b, c ∈ S one has

〈ac〉 ∩ 〈ab〉 = {1}.

Indeed, if 〈ac〉∩ 〈ab〉 6= {1}, then these cyclic groups of order p coincide, hence ac = (ab)k

for some k ∈ N, and this implies c ∈ 〈a, b〉, contradicting minimality.
Fix a ∈ S. For each b ∈ S \ {a} the relation (ab)p = 1 gives a cycle of length 2p in

Cay(G,S). By the intersection property above, these N − 1 cycles have no common edge
except the first edge ā. Summing them yields a cycle za ∈ ZG,S such that

|〈za, ā〉|2

〈za, za〉
=

(N − 1)2

(N − 1)2 + (N − 1)(2p− 1)
=

1

1 + 2p−1
N−1

.

Applying Lemma 9.3.1 (and using b
(2)
0 (G) = 0 for infinite G) gives

b
(2)
1 (G) ≤ N − 1−

∑
a∈S

|〈za, ā〉|2

〈za, za〉
= N − 1− N

1 + 2p−1
N−1

=
2p− 2

1 + 2p−1
N−1

≤ 2p− 2.

Remark 9.3.3 (Feldkamp–Kionke, Theorem 2.2). Let p be a prime and let G be a countable
torsion group of exponent p. If G has an infinite normal subgroup N of infinite index,
then

b
(2)
1 (G) = 0.

Indeed, by Theorem 9.3.2 and the definition of b̄
(2)
1 we have

b
(2)
1 (N) ≤ b̄

(2)
1 (N) ≤ 2p− 2 <∞.

Gaboriau’s theorem implies that ifN E G is infinite and of infinite index and b
(2)
1 (N) <∞,

then b
(2)
1 (G) = 0. We refer to [16, Thm. 6.8].
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9.3.3 Weakly q-normal subgroups

In this section we show that the presence of a large subgroup forces the first `2-Betti
number to be large as well.

Definition 9.3.4. Let G be a countable group and let H ≤ G be an infinite subgroup.
We say that H is

(a) q-normal in G if the set of elements g ∈ G with H ∩ gHg−1 infinite generates G;

(b) weakly q-normal (or wq-normal) if there exists an ordinal α and an increasing chain
of subgroups H0 ≤ H1 ≤ · · · ≤ Hα with H0 = H, Hα = G, and such that for every
β < α the union

⋃
γ<βHγ is q-normal in Hβ.

Remark 9.3.5. The notion of q-normality and wq-normality was introduced by Popa in
the context of von Neumann algebras. In some sense, it is easier to say when H ≤ G is
not wq-normal than to say when it is. Indeed, H ≤ G is not wq-normal if and only if there
exists a subgroup K with H ≤ K < G such that K ∩ gKg−1 is finite for all g ∈ G \K.

Theorem 9.3.6. Let G be a countable discrete group and let H ≤ G be an infinite wq-
normal subgroup. Then

b
(2)
1 (H) ≥ b

(2)
1 (G).

Proof. The proof is by transfinite induction on the ordinal α from the definition of wq-
normality. If α = 0, then H = G and the inequality is trivial. If α is a successor ordinal,
say α = β + 1, then Hβ is q-normal in Hβ+1, so we are left to show that the restriction
map H1

red(Hβ+1, ρ) → H1
red(Hβ, ρ|Hβ) is injective, where ρ : Hβ+1 → U(`2(Hβ+1)) is the

right regular representation and ρ|Hβ is its restriction to Hβ. This follows from the fact
that if c ∈ Z1(Hβ+1, ρ) is a cocycle which is a coboundary when restricted to Hβ, then c
is a coboundary on Hβ+1. We prove the slightly simpler fact that if c ∈ Z1(Hβ+1, ρ) is a
cocycle which vanishes on Hβ, then c vanishes also on Hβ+1.

Let g ∈ Hβ+1 be such that Hβ ∩ gHβg
−1 is infinite. Then for every k ∈ Hβ ∩ gHβg

−1

we have

0 = c(g−1kg) = ρ(g−1k)c(g) + ρ(g−1)c(k) + c(g−1) = ρ(g−1)(ρ(k)− 1)c(g),

so c(g) = 0 since Hβ ∩ gHβg
−1 is infinite. Since the set of such g generates Hβ+1, we

conclude that c vanishes on Hβ+1.

9.4 Lück’s approximation theorem

One of the most striking computations of `2-Betti numbers is Lück’s approximation the-
orem, which allows one to compute `2-Betti numbers of residually finite groups as limits
of normalized Betti numbers of finite quotients.

Theorem 9.4.1 (Lück, see [34]). Let G be a finitely presented residually finite group and
let (Ni) be a chain of finite index normal subgroups with trivial intersection. Then,

b
(2)
1 (G) = lim

i→∞

dimQ((Ni)ab ⊗Q)

[G : Ni]
.
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Proof. Fix a finite presentation G = 〈s1, . . . , sn | r1, . . . , rm〉 and let X be the associated

Cayley 2-complex. Then the cellular chain complex of the universal cover X̃ has the form

0→ C2(X̃)
∂2−→ C1(X̃)

∂1−→ C0(X̃)→ 0

with C2(X̃) ∼= Z[G]m, C1(X̃) ∼= Z[G]n and C0(X̃) ∼= Z[G].
For each i set Qi := G/Ni and tensor this complex over Z[G] with C[Qi]. We obtain

a finite-dimensional chain complex

C[Qi]
m ∂2,i−−→ C[Qi]

n ∂1,i−−→ C[Qi].

This is the cellular chain complex of the finite cover Xi := Ni\X̃. In particular,

dimQ
(
(Ni)ab ⊗Q

)
= b1(Xi;Q) = dimCH

1(Xi;C).

We compute H1(Xi;C) using the Hodge Laplacian. Endow C[Qi]
n and C[Qi]

m with the
standard Hermitian inner product coming from the basis {δq}q∈Qi . Define

∆i := ∂2,i∂
∗
2,i + ∂∗1,i∂1,i on C[Qi]

n.

Then ∆i ≥ 0 and the finite-dimensional Hodge decomposition gives

ker(∆i) ∼= H1(Xi;C),

so
dimQ((Ni)ab ⊗Q)

[G : Ni]
=

dimC ker(∆i)

|Qi|
. (9.1)

We now relate the right-hand side to b
(2)
1 (G). Let ∆ := ∂2∂

∗
2 + ∂∗1∂1 be the corre-

sponding Laplacian on `2(G)n. By the standard definition of `2-Betti numbers in terms of
von Neumann dimension of reduced cohomology (cf. Definition 9.1.7 and the discussion
around Pichot’s formula), one has

b
(2)
1 (G) = dimG ker(∆). (9.2)

Let µ be the spectral measure of ∆ with respect to the canonical trace. Concretely, µ is
the unique probability measure on [0, ‖∆‖] such that

τ
(
f(∆)

)
=

∫
f(t) dµ(t)

for every bounded Borel function f (here τ is the normalized trace on the von Neumann
algebra acting on `2(G)n). Equivalently, µ([0, t]) = τ

(
1[0,t](∆)

)
for all t ≥ 0. For each i

let µi be the normalized spectral measure of ∆i:

µi :=
1

|Qi|
∑

λ∈Spec(∆i)

(multλ) δλ.

Then

µ({0}) = dimG ker(∆) = b
(2)
1 (G), µi({0}) =

dim ker(∆i)

|Qi|
.
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Thus, by (9.1), it suffices to show that

µi({0}) −→ µ({0}). (9.3)

Step 1: moment convergence. For every polynomial p one has∫
p(t) dµ(t) = τ

(
p(∆)

)
,

∫
p(t) dµi(t) =

1

|Qi|
Tr
(
p(∆i)

)
.

Since ∆ is given by a matrix over Z[G] with finite support, the same holds for p(∆).
Writing p(∆) =

∑
g∈F agg (matrix coefficients in C and a finite set F ⊆ G), the quotient

map G→ Qi sends it to p(∆i) and the normalized trace on C[Qi] picks the coefficient of
the identity in Qi. Equivalently,

1

|Qi|
Tr
(
p(∆i)

)
=

∑
g∈F∩Ni

ag.

Because
⋂
iNi = {1} and F is finite, for i large enough we have F ∩Ni = {1}, hence

1

|Qi|
Tr
(
p(∆i)

)
−→ a1 = τ

(
p(∆)

)
.

Therefore µi ⇒ µ weakly.

Step 2: uniform control near 0 (integrality). Weak convergence alone does not imply
convergence of the atom at 0; we need to prevent spectral mass from accumulating in
(0, ε). Let M := ‖∆‖; then ‖∆i‖ ≤M for all i.

We claim that for each i, the product of the nonzero eigenvalues of ∆i is a positive
integer, hence at least 1. Indeed, ∆i is represented by a positive semidefinite symmet-
ric matrix with integer entries in the standard basis of Z[Qi]

n ⊆ C[Qi]
n. Consider the

polynomial

fi(t) := det(∆i + t1) =

n|Qi|∏
j=1

(λi,j + t),

where λi,1, . . . , λi,n|Qi| ≥ 0 are the eigenvalues of ∆i counted with multiplicity. The co-
efficients of fi are integers. If ki := dim ker(∆i), then fi(t) is divisible by tki and the
coefficient of tki equals

∏
λi,j>0 λi,j. Since this coefficient is a nonzero integer, we obtain∏

λi,j>0

λi,j ≥ 1. (9.4)

Now fix ε ∈ (0, 1) and let mi(ε) be the number of eigenvalues of ∆i in (0, ε]. All
nonzero eigenvalues lie in (0,M ], so by (9.4),

1 ≤
∏
λi,j>0

λi,j ≤ εmi(ε) Mn|Qi|−ki−mi(ε) ≤ εmi(ε) Mn|Qi|.

Taking logarithms yields
mi(ε)

|Qi|
≤ n logM

| log ε|
.

In other words,

sup
i
µi
(
(0, ε]

)
= sup

i

mi(ε)

|Qi|
≤ n logM

| log ε|
−−→
ε↓0

0. (9.5)
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Step 3: convergence of the atom at 0. Fix ε > 0 which is a continuity point of the
distribution function of µ. By weak convergence, µi([0, ε])→ µ([0, ε]). Moreover,

µi({0}) = µi([0, ε])− µi((0, ε]).

Taking lim inf and using (9.5) gives

lim inf
i→∞

µi({0}) ≥ µ([0, ε])− sup
i
µi((0, ε]).

Similarly,
lim sup
i→∞

µi({0}) ≤ µ([0, ε]).

Now let ε ↓ 0 through continuity points of µ. Since µ([0, ε]) ↓ µ({0}) and the error term
tends to 0 by (9.5), we obtain (9.3).

Combining (9.1), (9.2) and (9.3) proves the theorem.



Appendix

A.1 Schoenberg’s theorem

Definition A.1.1. Let G be a group. A function ϕ : G → C is positive definite if for
every n ≥ 1, every g1, . . . , gn ∈ G and every c1, . . . , cn ∈ C one has

n∑
i,j=1

cicj ϕ(g−1
i gj) ≥ 0.

Equivalently, the matrix
(
ϕ(g−1

i gj)
)
i,j

is positive semidefinite.

Theorem A.1.2 (GNS construction). Let G be a group and let ϕ : G → C be positive
definite. Then there exist a Hilbert space Hϕ, a unitary representation πϕ : G → U(Hϕ)
and a cyclic vector ξϕ ∈ Hϕ such that

ϕ(g) = 〈πϕ(g)ξϕ, ξϕ〉 (g ∈ G).

If ϕ(e) = 1, then ‖ξϕ‖ = 1.

Proof. Let C[G] be the group algebra, i.e. the vector space of finitely supported functions
f : G→ C. Define a sesquilinear form on C[G] by

〈f, h〉 :=
∑
g,x∈G

f(g)h(x)ϕ(g−1x).

Positive definiteness of ϕ implies 〈f, f〉 ≥ 0 for all f . Let N := {f ∈ C[G] : 〈f, f〉 = 0}
and set H0 := C[G]/N . The form descends to an inner product on H0, and we let Hϕ be
its completion.

For g ∈ G define (πϕ(g)f)(x) := f(g−1x) on C[G]. One checks that πϕ(g) preserves
〈·, ·〉, hence induces a unitary operator on Hϕ. Let δe ∈ C[G] be the delta function at e
and let ξϕ be its class in Hϕ. Then

〈πϕ(g)ξϕ, ξϕ〉 = 〈δg, δe〉 = ϕ(g).

Finally, ξϕ is cyclic because the linear span of {πϕ(g)ξϕ : g ∈ G} contains the image of
C[G]. If ϕ(e) = 1, then ‖ξϕ‖2 = 〈δe, δe〉 = ϕ(e) = 1.

Definition A.1.3. Let G be a group. A function ψ : G → R is conditionally negative
definite if ψ(e) = 0, ψ(g) = ψ(g−1) for all g ∈ G, and for every n ≥ 1, every g1, . . . , gn ∈ G
and every c1, . . . , cn ∈ R with

∑
i ci = 0 one has

n∑
i,j=1

cicj ψ(g−1
i gj) ≤ 0.

127
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Proposition A.1.4 (Hilbert space model for conditionally negative definite functions).
Let ψ : G→ R be conditionally negative definite. Then there exist a Hilbert space K and
a map b : G→ K such that

ψ(g−1h) = ‖b(g)− b(h)‖2 (g, h ∈ G).

In particular, ψ(g) = ‖b(g)‖2 after normalizing b(e) = 0.

Proof. Let V be the real vector space of finitely supported functions f : G → R with∑
g∈G f(g) = 0. Define a symmetric bilinear form on V by

〈f, h〉V := −1

2

∑
g,x∈G

f(g)h(x)ψ(g−1x).

Conditional negative definiteness of ψ implies 〈f, f〉V ≥ 0 for all f ∈ V . Let N := {f ∈
V : 〈f, f〉V = 0} and let K be the completion of V/N .

For g ∈ G let δg be the delta function at g. Set b(g) := [δg−δe] ∈ K. Then for g, h ∈ G
we have

‖b(g)− b(h)‖2 = 〈(δg − δh), (δg − δh)〉V
= −1

2

(
ψ(e) + ψ(e)− ψ(g−1h)− ψ(h−1g)

)
+ ψ(g−1h),

where we used ψ(e) = 0 and ψ(h−1g) = ψ((g−1h)−1) = ψ(g−1h).

Lemma A.1.5. Let K be a (real) Hilbert space and t > 0. Then the kernel kt(x, y) :=
exp(−t‖x− y‖2) on K is positive definite.

Proof. Using ‖x− y‖2 = ‖x‖2 + ‖y‖2 − 2〈x, y〉, we can write

kt(x, y) = e−t‖x‖
2

e−t‖y‖
2

e2t〈x,y〉.

The function (x, y) 7→ e2t〈x,y〉 is positive definite because

e2t〈x,y〉 =
∞∑
n=0

(2t)n

n!
〈x, y〉n,

and each kernel (x, y) 7→ 〈x, y〉n is positive definite (it is the Gram kernel on the n-th
symmetric tensor power). Multiplying by the positive diagonal factors e−t‖x‖

2
preserves

positive definiteness.

Theorem A.1.6 (Schoenberg). Let G be a group and let ψ : G → R be conditionally
negative definite. Then for every t > 0 the function ϕt(g) := exp(−tψ(g)) is positive
definite.

Proof. Let b : G → K be as in Proposition A.1.4, so that ψ(g−1
i gj) = ‖b(gi) − b(gj)‖2.

Then for any g1, . . . , gn ∈ G we have(
ϕt(g

−1
i gj)

)
i,j

=
(
e−t‖b(gi)−b(gj)‖

2)
i,j
,

which is positive semidefinite by Lemma A.1.5.
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A.2 Algebraic Numbers

Definition A.2.1. A complex number α is called algebraic if it is a root of a non-zero
polynomial with coefficients in Q. We write Q for the algebraic closure of Q in C; its
elements are precisely the algebraic numbers.

Let G := Aut(Q/Q) be the absolute Galois group of Q, i.e. all field automorphisms
of Q. For α ∈ Q and σ ∈ G we call σ(α) a Galois conjugate of α. These conjugates are
exactly the distinct roots of the minimal polynomial of α over Q.

Proposition A.2.2. The group G acts by permuting the roots of every polynomial p(x) ∈
Q[x]. Moreover, the fixed field of G inside Q is Q itself.

Proof. If β is a root of p and σ ∈ G, then p
(
σ(β)

)
= σ

(
p(β)

)
= 0, so σ(β) is another

root; thus G permutes the roots.
For the fixed field, let α ∈ Q be fixed by every σ ∈ G and let mα be its minimal

polynomial. The roots of mα are the G–orbit of α. If the orbit is a single point, then
degmα = 1 and α ∈ Q. Hence the elements fixed by all of G are exactly Q.

Definition A.2.3. An algebraic number α is an algebraic integer if it is a root of a monic
polynomial with coefficients in Z. We say that α is integral over Z.

Proposition A.2.4. If r ∈ Q is an algebraic integer, then r ∈ Z.

Proof. Write r = a/b in lowest terms with a ∈ Z, b ∈ N. If r satisfies a monic polynomial
xd + c1x

d−1 + · · ·+ cd with ci ∈ Z, then multiplying by bd shows that b divides ad. Since
gcd(a, b) = 1, this forces b = 1, hence r = a ∈ Z.

Theorem A.2.5 (Kronecker). Let α 6= 0 be an algebraic integer and let {α1, . . . , αd} be
its G–conjugates. If |αi| ≤ 1 for every i, then α1, . . . , αd are roots of unity.

Proof. If every |αi| < 1, then the constant term of the monic minimal polynomial mα,
given by (−1)dα1 · · ·αd, has absolute value < 1 and is an integer, so it is 0, forcing α = 0.
Hence we may assume at least one conjugate has modulus 1 and α 6= 0.

For n ≥ 1 consider the algebraic integer αn and its conjugates αn1 , . . . , α
n
d . The min-

imal polynomial of αn is monic with integer coefficients that are elementary symmetric
polynomials in the αni . Each coefficient of degree k is a sum of

(
d
k

)
products of k numbers

of modulus ≤ 1, so its absolute value is at most
(
d
k

)
. There are only finitely many monic

integer polynomials of degree ≤ d whose coefficients satisfy these bounds. Consequently,
there exist integers m > n such that αm and αn have the same minimal polynomial. This
means the multisets {αm1 , . . . , αmd } and {αn1 , . . . , αnd} coincide, so there is a permutation
π of {1, . . . , d} with αmi = αnπ(i) for all i.

The permutation π has finite order r, and iterating the equality gives αm
r

i = αn
r

πr(i) =

αn
r

i for every i. Since none of the αi vanish, we obtain αm
r−nr

i = 1 for all i. In particular
αm

r−nr = 1, so α is a root of unity, and the same is true for each conjugate αi.

A.3 Growth of the partition function

Let p(n) be the partition function, with p(0) = 1. The function p(n) counts the number
of ways to write n as a sum of positive integers, disregarding the order of the summands.
The following theorem is a coarse version of a classical result of Hardy and Ramanujan;
see [25, 1, 46].
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Theorem A.3.1 (Hardy–Ramanujan). There exist absolute constants c, C > 0 such that
for all sufficiently large n,

c
√
n ≤ log p(n) ≤ C

√
n.

In particular, log p(n) = Θ(
√
n).

For |q| < 1 the partition generating function is∑
n≥0

p(n)qn =
∏
k≥1

1

1− qk
.

Set q = e−t with t > 0 and define

F (t) :=
∑
n≥0

p(n) e−nt =
∏
k≥1

1

1− e−kt
, S(t) := logF (t).

Define a probability distribution µt on N by

µt({n}) :=
p(n)e−nt

F (t)
.

Then
∑

n≥0 µt({n}) = 1. We define its mean by

m(t) := Eµt [N ] =
∑
n≥0

nµt({n}) =

∑
n≥0 n p(n)e−nt∑
n≥0 p(n)e−nt

.

Differentiation under the summation sign yields

m(t) = −S ′(t).

Lemma A.3.2. The sequence p(n) is nondecreasing: p(n+ 1) ≥ p(n) for all n ≥ 0.

Proof. Given a partition of n, add a part of size 1 to obtain a partition of n + 1. This
map is injective, hence p(n+ 1) ≥ p(n).

We use the power series identity (valid for |x| < 1)

− log(1− x) =
∞∑
r=1

xr

r
.

Applying it with x = e−kt and summing over k ≥ 1 (absolute convergence for t > 0) gives

S(t) =
∑
k≥1

− log
(
1− e−kt

)
=
∑
k≥1

∑
r≥1

e−krt

r
=
∑
r≥1

1

r

∑
k≥1

e−krt

=
∑
r≥1

1

r
· e−rt

1− e−rt
=
∑
r≥1

1

r(ert − 1)
.

Lemma A.3.3. For y ≥ 0,
ey − 1 ≥ y.

For 0 ≤ y ≤ 1,
ey − 1 ≤ (e− 1) y.
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Proof. The first inequality is ey ≥ 1 + y, which follows from convexity of ey (or its Taylor
series). For the second, use convexity of ey on [0, 1]:

ey ≤ (1− y)e0 + ye1 = 1 + (e− 1)y,

hence ey − 1 ≤ (e− 1)y.

Lemma A.3.4. For all t > 0,

S(t) ≤ 2

t
.

Proof. By Lemma A.3.3 we have ert − 1 ≥ rt, hence

S(t) =
∑
r≥1

1

r(ert − 1)
≤
∑
r≥1

1

r · rt
=

1

t

∑
r≥1

1

r2
≤ 2

t
.

Lemma A.3.5. For all t ∈ (0, 1/2],

S(t) ≥ 1

(e− 1)
· 1

t
.

Proof. Let R := b1/tc, so R ≥ 2 and rt ≤ 1 for 1 ≤ r ≤ R. By Lemma A.3.3 (applied
with y = rt ∈ [0, 1]) we have ert − 1 ≤ (e− 1)rt, hence

S(t) =
∑
r≥1

1

r(ert − 1)
≥

R∑
r=1

1

r(ert − 1)
≥

R∑
r=1

1

r · (e− 1)rt
=

1

(e− 1)t

R∑
r=1

1

r2
≥ 1

(e− 1)
· 1
t
.

Lemma A.3.6. For all t ∈ (0, 1],

m(t) ≤ 9

t2
.

Proof. From

S ′(t) =
F ′(t)

F (t)
=

∑
n≥0(−n)p(n)e−nt∑

n≥0 p(n)e−nt
,

we indeed have m(t) = −S ′(t). Also, differentiating the product formula for F (t) yields
the standard identity

m(t) =
∑
k≥1

k

ekt − 1
.

Split the sum into k ≤ 1/t and k > 1/t.
Small k: By Lemma A.3.3 we have ekt − 1 ≥ kt for all k, hence for k ≤ 1/t,

k

ekt − 1
≤ k

kt
=

1

t
.

Therefore ∑
1≤k≤1/t

k

ekt − 1
≤

∑
1≤k≤1/t

1

t
≤ 1

t
· 1

t
=

1

t2
.
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Large k: If kt ≥ 1, then ekt − 1 ≥ (1− e−1)ekt = e−1
e
ekt, hence

1

ekt − 1
≤ e

e− 1
e−kt ≤ 2 e−kt.

So, for k > 1/t,
k

ekt − 1
≤ 2k e−kt.

Summing and using the geometric-series identity
∑

k≥1 kq
k = q

(1−q)2 for |q| < 1 with

q = e−t, ∑
k>1/t

k

ekt − 1
≤ 2

∑
k≥1

k e−kt = 2 · e−t

(1− e−t)2
≤ 2

(1− e−t)2
.

For t ∈ (0, 1] one has 1 − e−t ≥ t/2 (e.g. by convexity of e−t on [0, 1], which gives
e−t ≤ 1− t

2
), thus

2

(1− e−t)2
≤ 2

(t/2)2
=

8

t2
.

Combining both parts gives m(t) ≤ 1
t2

+ 8
t2

= 9
t2

.

Lemma A.3.7. Let ν be a probability measure on N with finite mean Eν [X] = m. Then
there exists an integer k ∈ {0, 1, . . . , b2mc} such that

ν({k}) ≥ 1

4m+ 2
.

Proof. Markov’s inequality gives

ν(X ≥ 2m+ 1) ≤ Eν [X]

2m+ 1
=

m

2m+ 1
<

1

2
,

hence ν(X ≤ 2m) ≥ 1/2. The set {0, 1, . . . , b2mc} has at most b2mc+1 ≤ 2m+1 points,
so by pigeonhole there is some k in this set with

ν({k}) ≥ ν(X ≤ 2m)

2m+ 1
≥ 1/2

2m+ 1
=

1

4m+ 2
.

Proof of Theorem A.3.1. Upper bound. For any t > 0,

F (t) =
∑
k≥0

p(k)e−kt ≥ p(n)e−nt,

hence p(n) ≤ entF (t) and therefore

log p(n) ≤ nt+ S(t).

Using S(t) ≤ 2/t (Lemma A.3.4) and choosing t = n−1/2 gives

log p(n) ≤ n · n−1/2 +
2

n−1/2
= 3
√
n.

Thus we may take C = 3.
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Lower bound. Fix large n and set

t :=
6√
n
.

For large n we have t ≤ 1/2 and t ≤ 1, so Lemma A.3.5 and Lemma A.3.6 apply.
Consider the probability measure µt on N defined by

µt({k}) =
p(k)e−kt

F (t)
.

Its mean is m(t). By Lemma A.3.6,

m(t) ≤ 9

t2
=

9

36
n =

n

4
.

Apply Lemma A.3.7 to ν = µt. There exists k ≤ 2m(t) ≤ n/2 ≤ n such that

µt({k}) =
p(k)e−kt

F (t)
≥ 1

4m(t) + 2
.

Rearranging,

p(k) ≥ ekt
F (t)

4m(t) + 2
≥ F (t)

4m(t) + 2
,

hence
log p(k) ≥ logF (t)− log(4m(t) + 2) = S(t)− log(4m(t) + 2).

Since k ≤ n and p is nondecreasing (Lemma A.3.2), p(n) ≥ p(k) and thus

log p(n) ≥ S(t)− log(4m(t) + 2).

Now, Lemma A.3.5 gives (since t ≤ 1/2)

S(t) ≥ 1

2(e− 1)
· 1

t
=

1

2(e− 1)
·
√
n

6
=

√
n

12(e− 1)
.

Also m(t) ≤ n/4 implies 4m(t) + 2 ≤ n+ 2, hence log(4m(t) + 2) ≤ log(n+ 2). Finally,

log(n+ 2)√
n

−→ 0 (n→∞),

since for real x→∞, log x√
x
→ 0 by l’Hospital:

lim
x→∞

log x√
x

= lim
x→∞

1/x

1/(2
√
x)

= lim
x→∞

2√
x

= 0.

Therefore

log p(n)√
n

≥ 1

12(e− 1)
− log(n+ 2)√

n
−→ 1

12(e− 1)
from below.

In particular, for all sufficiently large n one has

log p(n) ≥ 1

24(e− 1)

√
n,

so we may take c = 1
24(e−1)

.
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geodesic bigon, 44

geodesic segment far from other side, 45
graded restricted Lie p-algebra, 64
Greendlinger theorem, 25
Gromov hyperbolic, 41
Gromov polynomial growth theorem,
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group action, 10
group growth, 63
group von Neumann algebra, 114
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growth dichotomy for elementary

amenable groups, 56
growth dichotomy for solvable groups, 56
growth equivalence, 33
growth function, 33
growth independence of generating set,

33
growth rates, 34
growth type, 33
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Hall’s marriage lemma, 51
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harmonic analysis, 87
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harmonic function, 71, 113
Heisenberg group, 28
Higman group without finite quotients,
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Hilbert–Poincaré series, 63
HNN construction, 26
HNN extension, 26
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Hodge decomposition, 116
Hopf algebra, 108
Hopf algebra structure, 108
Hopf theorem, 108
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hyperlinear approximation, 103
hyperlinear group, 103, 104
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invariant mean, 50
isomorphic actions, 10

Kazhdan’s property (T), 87, 92
Kim–Koberda conjecture, 6

left translate of a measure, 71
linear isoperimetric inequality, 43, 44
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47
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47
Liouville property, 71, 81
Lipschitz map, 37
local geodesic, 47
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locally finite bipartite graph, 51
Lyons conjecture, 61

Markov operator, 87, 90
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Milnor kernel finitely generated, 57
Morse inequality, 119

Nielsen–Schreier theorem, 12
nilpotent group, 28
nilpotent groups have polynomial
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products, 28
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paradoxical decomposition, 50
parallels in van Kampen diagram, 46
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partial Schreier graph, 13
Peterson–Thom Morse inequality, 120
Pichot’s formula, 119
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ping-pong lemma, 6
pointed action, 10

pointed Schreier graph, 9
Poisson algebra A, 73
Poisson boundary, 71, 74
Poisson projection π, 73
Poisson space, 71, 74
polynomial growth, 34
positive definite function, 127
power map, 108
probability measure, 71
property HFD, 99
property (T), 92

q-side far from LD, 45
quadratic lower bound on area, 46
quasi-isometric embedding, 38
quasi-isometry, 38
quasi-isometry characterization, 38
quasi-isometry of free groups, 40
quasi-Lipschitz, 38

random walk, 71
rank formula via vertex degrees, 17
rank of free group, 12
reduced cohomology, 93, 113
reduced group C∗-algebra, 87
reduced word, 3
regular trees quasi-isometry, 40
residual finiteness, 7
residual finiteness and the word

problem, 20
residual finiteness of SL2(Z), 7
residual finiteness of free groups, 8
restricted Lie p-algebra, 64
restricted Lie algebra, 64

Schreier correspondence, 10
Schreier graph, 9
Schreier index formula, 12
Schroeder–Bernstein theorem, 51
semi-exterior vertex, 25
shell, 23
short-loop Dehn presentation, 47
short-loop presentation, 47
simple elementary amenable groups are

finite, 55
slow entropy growth, 85
small shells, 24
sofic approximation, 103
sofic group, 103, 104
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solvable group, 28
solvable groups are amenable, 53
solvable groups are elementary

amenable, 54
spanning tree in connected graph, 12
Stallings folding, 15
stationary measure, 82
subexponential growth, 34
subexponential growth implies

amenable, 59
subgroup intersection via product

Schreier graph, 16
subgroup membership problem, 15
subgroup set, 10
support of a measure, 71
symmetric probability measure, 71

Tarski’s theorem on amenability, 50
thin bigon, 44
thin bigons in (3, 7)-triangle tiling, 43
thin triangle, 41
Tits eigenvalue criterion, 56
Tits virtual nilpotence lemma, 58
topological degree, 108
torsion elementary amenable groups are

locally finite, 55
torsion group, 121
trace, 114
transitive action, 10
translation-like action, 60
translation-like action and

non-amenability, 60
triangle complex, 43
(2, 3, 7)-triangle group, 44
(3, 7)-triangle tiling, 42

ultraproduct, 103
unitary group, 108
universal property of the free group, 5

virtually, 53
virtually nilpotent groups have

polynomial growth, 40
von Neumann dimension, 113, 114

weakly q-normal subgroup, 123
weakly mixing representation, 97
word, 3
word equivalence, 3
word length, 3, 5, 33
word metric, 33
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